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Facets of Network Control

Resource Management via Static Optimization

• The network controller (NC) has prior access to user demands (e.g.,
popularity of files) and network parameters (e.g., link delays).

• Formulates & solves an offline optimization problem.

• Applies the solution for the rest of the network operation (one-off).
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M. Chiang et al, A Mathematical Theory of Network Architectures, Proceedings of IEEE, 2007.
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Facets of Network Control

Resource Management via Stochastic Optimization

• The system operation is time-slotted.

• NC observes at the beginning of each slot the demands, environment and
network state (e.g., unfinished workloads = queues).

• Solves a problem to find the best decision for the current slot.

Facets of Network Control
• Resource Management via Stochastic Optimization

• The system operation is time-slotted.

• NC observes at the beginning of each slot the demands, environment and 
network state (e.g., unfinished workloads = queues).

• Solves a problem to find the best decision for the current slot and applies it.

• Perturbations are benign (i.i.d.); performance/cost functions are known.

In each slot:
- Observe delays & queues at each router
- Select maximum weight path

M. Neely, Stochastic Network Optimization with Applications to Communication & Queueing Systems, 
Synthesis Lectures on Communication Networks, 2012.
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Performance Benchmark: the best static 
path we would calculate if knew the delays 
over all slots.

Maxweight Policies provably converge to 
benchmark

∀t: observe delays & queues; select
max-weight path

• Max-weight policy provably
converges to benchmark.

• Benchmark: the best path w.r.t. the
delays over all slots, t = 1, . . . , T .

• Perturbations are benign (i.i.d.);
performance functions are known.

M. Neely, Stochastic Network Optimization with Applications to Communication & Queueing Systems,
Synthesis Lectures on Communication Networks, 2012.
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Facets of Network Control

Solve (one-off or over time) problems with i.i.d.-perturbed parameters and
fixed/known performance functions.

Minimize f(x)− g(y)

Subject to q(x) ≤ Q

h(y) ≤ H

Network Stability

What if:

• The parameters (e.g., link delays) change arbitrarily?

• The performance functions are time-varying?

• Parameters/functions are revealed to NC only at the end of each slot?
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Virtualization & Softwarization

GSM Base Stations (2G), 1990s
5G Virtualized BSs
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New Type of Services

Seeing AI: Talking Camera for the Blind

Encode Image

Display Results

Neural Network
Processing

Collect Results

Mobile Device Edge Server

Capture Image Decode Image

802.11ac 
Access Point

End-to-End Control of Mobile Analytics
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Online Convex Optimization Approach (1/2)

The system operation is modeled as an online learning problem. The NC:

1 keeps track of past decisions, perturbations and performance functions;

2 commits its decision at the start of each slot;

3 observes the outcome (function, perturbations) at the end of the slot;

4 and updates its decisions.

Control 
Decision

Parameters & 
functions revealed

NC updates 
learning rule

Next Slot

Control 
Decision

Parameters & 
functions

Assess 
Predictor

NC updates 
learning rule

Next Slot

Obtain 
Prediction

M. Zinkevich, Online Convex Programming and Generalized Infinitesimal Gradient Ascent, ICML 2003.

E. Hazan, Introduction to Online Convex Optimization. Found. Trends Optim. 2(3-4), 2016.
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Online Convex Optimization Approach (2/2)

• Fewer assumptions & richer modeling tool

• Perturbations (e.g., delays) can change even adversarially.

• No need to know the performance functions in advance.

• Guaranteed convergence to an oracle benchmark.

• Robustness through cautiousness: decisions tailored to worst scenario.

• In practice, sometimes:

• Perturbations may be stationary.

• Performance functions may be predictable.

• There is often abundance of training data.

T. Chen, et al., Learning and Management for Internet of Things: Accounting for Adaptivity and
Scalability. Proc. IEEE, 2019.
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Offline or Online ?

Offline Learning

+ Abundance of training data

• path delays, file requests, etc.

+ NNs predict perturb. or actions

• Fast & efficient solution

− Inaccurate under distribution shifts

• Need data & offline training

Online Learning

+ No prior training

• Adapts at runtime

+ Works with general settings

• Minimal assumptions

• Guaranteed & interpretable
performance

− Unnecessary slow when:

• perturbations are benign

• functions are observable

C. Zhang, P. Patras, H. Haddadi: Deep Learning in Mobile and Wireless Networking: A Survey. IEEE
Commun. Surv. Tutorials 21(3), 2019.
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Optimistic Learning

How to leverage offline trained predictors in online learning?

Goal:

• Achieve faster convergence when predictions are proved accurate;

• Achieve the performance of legacy OCO when predictions are inaccurate.

Control 
Decision

Parameters & 
functions revealed

NC updates 
learning rule

Next Slot

Control 
Decision

Parameters & 
functions

Assess 
Predictor

NC updates 
learning rule

Next Slot

Obtain 
Prediction
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OCO Template

For t = 1, 2, . . . , T do: E.g.: Online Caching (Cache C out of N
files)

1 Learner decides xt ∈ X 1 Decide the cached files

xt ∈ X .
=

{
[0, 1]N

∣∣ ∑
n xn≤C

}

2 Nature reveals utility ft(·) 2 Request is submitted

qt ∈ {0, 1}N

3 Learner gains ft(xt) 3 Cache hit or miss

ft(xt)
.
= ⟨qt,xt⟩

Target: The best in hindsight Target: Top C requested files

x⋆ = argmax
x∈X

∑T

t=1
ft(x) x⋆ = argmax

x∈X
⟨q1:T ,x⟩

G. S. Paschos, A. Destounis, G. Iosifidis: Online Convex Optimization for Caching Networks. IEEE/ACM
Trans. Netw. 28(2): 625-638 (2020).
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OCO with Optimism

For t = 1, 2, . . . , T do: Online Caching (Cache C out of N files)

1 Obtain f̃t(·). 1 Obtain request prediction q̃t

2 Learner decides xt ∈ X 2 Decide the cached files xt

1 Nature reveals utility ft(·) 3 Request qt is submitted

4 Learner gains ft(xt) 4 Cache hit or miss

ft(xt)
.
= ⟨qt,xt⟩

5 Learner computes prediction error

ϵt = ∥∇ft(xt)−∇f̃t(xt)∥2
5 Prediction error

ϵt = ∥qt − q̃t∥2

↪→ How can we predict file requests in caching problems?
↪→ Why do we measure the prediction error this way?

N. Mhaisen, G. Iosifidis, D. J. Leith: Online Caching with Optimistic Learning. IFIP Networking 2022.
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Metric, Algorithms & Basic Results (1/3)

• An online algorithm A produces {xt}T .
= {x0,x1, . . . ,xt, . . . ,xT }

Definition (Regret Metric)

RT

(
{xt}T

)
= sup

{ft}T

[ T∑

t=1

(
ft(x

⋆)− ft(xt)
)]

• In caching: ft(xt) = ⟨qt,xt⟩; RT

(
{xt}T

)
=

T∑

t=1

⟨qt,xt − x⋆⟩
︸ ︷︷ ︸

Cache-hit gap

.

• A is no-regret when limT→∞ RT /T = 0.

• I.e., it performs as good as x⋆ when T → ∞
• Fact: RT ({xt}T ) = Ω(

√
T )

• E.g., xt+1 = argmax ⟨q1:t, x⟩, or argmax ⟨q̃t+1, x⟩, or
argmax ⟨q1:t + q̃t+1, x⟩ or argmax ⟨αq1:t+(1−α)q̃t+1, x⟩
all lead to O(T ) (linear) regret.
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argmax ⟨q1:t + q̃t+1, x⟩ or argmax ⟨αq1:t+(1−α)q̃t+1, x⟩
all lead to O(T ) (linear) regret.
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Metric, Algorithms & Basic Results (2/3)

Follow The Regularized Leader (FTRL):

xt+1=arg min
x∈X

{
⟨q1:t,x⟩+rt(x)

}

rt(x)=σt∥x∥2 (OGD)
or σt

∑
ixi log xi (EG)

• √
T (Optimal) regret for any {qt}T

• Works well for alternating functions.

Be The Leader (BTL):

xt+1=arg min
x∈X

{
⟨q1:t + q̃t,x⟩

}

• 0-regret when qt = q̃t+1

• Works well for fixed / slowly
varying functions (by setting
q̃t+1 = qt )

Optimistic FTRL: Regs. depend on prediction errors, e.g.,rt(x) = σ(ϵ1:t)∥x∥2

xt+1 = arg min
x∈X

{
⟨q1:t + q̃t+1,x⟩+ rt(x)

}

4C T0
q̃t = qt, ∀t

When
q̃t ≠ qt, ∀t

When
# mistakes

<latexit sha1_base64="A0oPr8UVh7nn/OR4OZnN870Osc8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUSkuiy6cVnFPqAJYTKdtEMnD2duxBLyK25cKOLWH3Hn3zhps9DWAwOHc+7lnjl+IrgCy/o2VlbX1jc2K1vV7Z3dvX3zoNZVcSop69BYxLLvE8UEj1gHOAjWTyQjoS9Yz59cF37vkUnF4+gepglzQzKKeMApAS15Zs0JCYwpEdld7gF2BHvwzLrVsGbAy8QuSR2VaHvmlzOMaRqyCKggSg1sKwE3IxI4FSyvOqliCaETMmIDTSMSMuVms+w5PtHKEAex1C8CPFN/b2QkVGoa+nqySKoWvUL8zxukEFy6GY+SFFhE54eCVGCIcVEEHnLJKIipJoRKrrNiOiaSUNB1VXUJ9uKXl0n3rGE3G83b83rrqqyjgo7QMTpFNrpALXSD2qiDKHpCz+gVvRm58WK8Gx/z0RWj3DlEf2B8/gATppR7</latexit>Rt 

BTL's xt+1

ϵt = 0, ∀t
When

ϵt > 0
When

≈ FTRL's xt+1

B. McMahan: A Survey of Algorithms and Analysis for Adaptive Online Learning. J. Mach. Learn., 2017;
N. Mhaisen, G. Iosifidis, et. al., : Online Caching With no Regret. IEEE Trans. Mob. Comput, 2024.
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Metric, Algorithms & Basic Results (3/3)

Regret Bound

Using rt(·) that are σt-strongly convex w.r.t. ∥ · ∥, where σt is non-decreasing, the

FTRL iteration xt+1 = argminx∈X
{
⟨q1:t + q̃t+1,x⟩+ rt(x)

}
produces decisions

(e.g., caching vectors) {xt}T such that:

RT ≤ σT−1∥x⋆∥+
T∑

t=1

∥qt − q̃t∥
σt−1

≤ σT+1

Optimistic Regs (∀q̃t)

σt ≈
√∑t−1

i=1 ∥qi− q̃i∥2

RT ≤G
√∑T

t=1 ∥qt− q̃t∥2

M. Mohri, S. Yang: Accelerating Online Convex Optimization via Adaptive Prediction. AISTATS 2016.
19 / 40
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OL for Caching

Algorithm: Optimistic (Bipartite) Caching

1 Input: x1∈X ; σ = 2/DX . Output: xt = (yt,zt), ∀t.
2 for t = 1, 2, . . . do
3 Receive prediction q̃t+1

4 Calculate the new policy xt+1 = argminx∈X ⟨q1:t + q̃t+1,x⟩+ σtr(x)

5 Serve request qt according to xt

6 Incur a hit/miss ⟨qt,xt⟩ & measure prediction error

7 Update the regularization σt+1≈
√∑t

i=1 ∥qi − q̃i∥2

end

• RT = O
(√∑T

t=1 ∥qt − q̃t∥2
)
, worse by

√
2 w.r.t. non-optimistic FTRL.

N. Mhaisen, G. Iosifidis, D. J. Leith: Online Caching With no Regret: Optimistic Learning via
Recommendations. IEEE Trans. Mob. Comput. 23(5), 2024.
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Implementation

(a) (b) (c)

≤ 21%
44.7%

81.1%

26.3%

Benchmark
OGD
OL ρ=0.7
OL ρ=0

Figure: Cache utility with predictors of different accuracy (qt = q̃t with probability ρ) and request traces
from: (a) Zipf distribution; (b) YouTube dataset; (c) MovieLens datasets.

N=2.5k N=5k N=10k N=20k N=40k
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Ti
m

e 
(s

)

0.031
0.057

0.107

0.222

0.650

0.011 0.020 0.032
0.062

0.176

0.010 0.017 0.033
0.063

0.182

OGD
OBC, = 0
OBC, = 0.7

Figure: Average time consumed per decision step
for different library size N and horizon T = 10k).
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OL for: Time-average Constraints

• Optimizing performance s.t. average resource consumption, costs, QoS, etc.

• Constraints: fixed convex set X and time-varying functions ht(x), ∀t.
• Need to bound both the Regret and the Constraint Violation:

RT =

T∑
t=1

(
ft(x

⋆)− ft(xt)
)
, VT =

∥∥∥∥[ T∑
t=1

ht(xt)
]∥∥∥∥

• Impossibility result: cannot minimize both rates at the same time.

• Predictions can improve significantly the factors of both terms.

xt = arg min
x∈X

t−1∑
τ=1

Lτ (x,λτ ) + ⟨q̃t,x⟩+ ⟨λt, h̃t(x)⟩

λt+1 = arg max
λ∈Rn

+

t∑
τ=1

Lτ (xτ ,λ) + ⟨λ, h̃t+1(x)⟩

D. Anderson, G. Iosifidis, D. J. Leith: Lazy Lagrangians for Optimistic Learning With Budget Constraints.
IEEE/ACM Trans. Netw. 31(5), 2023.
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OL with Multiple Predictors

• How to incorporate multiple (untrusted) predictors?

• ↪→ Need (also) to learn who is the best predictor from the set P.

• Solution: a meta-learner adapts trusting weights for each predictor.

Predictor 
#1

Gradients 
Revealed

Optim. Expert #1

Next Slot

Predictor 
#p

<latexit sha1_base64="cNllWlntkYNLhFGHoD1EtBScsws="></latexit>

x
(1)
t = arg max

x2X
hq̃(1)

t , xi

Optim. Expert #p
<latexit sha1_base64="icro7oyIQPiBg06C/fbQbicDTEs="></latexit>

x
(p)
t = arg max

x2X
hq̃(p)

t , xi

Pessimistic Expert : 
FTRL

Predictors’ 
Errors
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kq(p)
t � q̃

(p)
t k

Meta-Learner 
updates weights
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Caching Policy of 
Meta-Learner
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logP

√
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find best predictor

+ min
p

R(p)
T

︸ ︷︷ ︸
max accuracy = O

√
T

N. Mhaisen, G. Iosifidis, D. Leith: Online Caching With no Regret[...], IEEE Trans. Mob. Comp., 2024.

A. Rakhlin, K. Sridharan: Online Learning with Predictable Sequences. COLT 2013.
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OL with Multiple Predictors

• How to incorporate multiple (untrusted) predictors?

• ↪→ Need (also) to learn who is the best predictor from the set P.

• Solution: a meta-learner adapts trusting weights for each predictor.

Predictor 
#1

Gradients 
Revealed

Optim. Expert #1

Next Slot

Predictor 
#p

<latexit sha1_base64="cNllWlntkYNLhFGHoD1EtBScsws="></latexit>

x
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x2X
hq̃(1)

t , xi

Optim. Expert #p
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Prior Work: Slow-varying functions

• [A1] FTRL can be improved if gradients stay close to their average:

RT ≤ O



√∑

t

∥qt − q̄T ∥2

 , where q̄T =

1

T

T∑

t=1

qt

↪→ The algorithm needs a twist for the experts problem.

• [A2] If functions have small variation, a new algorithm achieves:

RT ≤ O
(√

D
)
, D =

∑

t

max
x∈X

∥∇ft(x)−∇ft−1(x)∥2

↪→ Main idea: perform an additional gradient iteration in each round

xt+1 = ProjX

(
xt − η∇ft(xt)

)
, x̂t+1 = ProjX

(
xt+1 − η∇ft(xt)

)
[A1] E. Hazan and S. Kale. Extracting certainty from uncertainty: Regret bounded by variation in costs.

Machine learning, 80(2):165–188, 2010.

[A2] C.-K. Chiang, T. Yang, C.-J. Lee, M. Mahdavi, C.-J. Lu, R. Jin, and S. Zhu. Online optimization
with gradual variations. COLT, 2012.
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Prior Work: Introducing Optimism

• Generalization via predictions for next gradient

• FTRL with self-concordant barrier and predictions.

x̂t+1 = arg min
x∈X

{
⟨qt + q̃t+1,x⟩+ r(x)︸︷︷︸

Self-Conc

}
↪→ No need to have slow-varying environment.

RT ≤

√
4max

x∈X
r(x)

[ T∑
t=1

∥∥∥qt − q̃t

∥∥∥2

t,⋆︸ ︷︷ ︸
dual norm wrt r(xt)

+1

]
• Similar bound when using optimistic OMD.

xt+1=arg min
x∈X

⟨qt,x⟩+ Dr(x,xt)︸ ︷︷ ︸
Bregman Diverg.

, x̂t+1=arg min
x∈X

⟨q̃t+1,x⟩+Dr(x,xt+1)

[B1] A. Rakhlin, K. Sridharan: Online Learning with Predictable Sequences. COLT 2013.

[B2] Rakhlin, Sridharan: Optimization, Learning, and Games with Predictable Sequences. NIPS 2013
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Prior Work: Different Prediction Metrics

We used approximate predictions for next gradients, i.e., ϵt = ∥qt − q̃t∥2

• What if we know a coordinate, e.g., qt+1,1, of the next gradient qt+1 ∈ Rn?

RT ≤ O
(
n2 log T

)

• What if we have a directional-only prediction? (easier to obtain, perhaps)

⟨q̃t, qt⟩ ≥ α∥qt∥ → RT ≤ O
(
1

α
log T

)

• What if we are interested in a sequence of comparators {xt}Tt+1

RT = O((1 + CT )
√
1 +DT ); CT ∝

T∑

t=1

∥x⋆
t − x⋆

t−1∥

[D1] E. Hazan et al. Online learning with prior knowledge. COLT, 2007.

[D2] O. Dekel, et al., Online Learning with a Hint. NIPS 2017.

[D3] A. Bhaskara, et al., Online Learning with Imperfect Hints. ICML 2020.

[D4] PZ Scroccaro, et., al., Adaptive composite online optimization: Predictions in static and dynamic
environments., IEEE TAC 2024
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Prior Work: Applications

• Portfolio management, Rental Strategies, Bidding in Auctions,...

• C. Tsai, et al, Data-Dependent Bounds for Online Portfolio Selection[...], NeurIPS’23.

• A. Bhattacharya, et al, ML advised algorithms for the ski rental problem with a
discount, Theor. Comput. Sci.’22.

• W. Zhang, et al, Leveraging The Hints: Adaptive Bidding in Repeated First-Price
Auctions, NeurIPS 2022.

• Training of Neural Networks

• C. Daskalakis, et al., Training GANs with Optimism. ICLR, 2018.

• P. Mertikopoulos, et al, Optimistic mirror descent in saddle-point problems, ICLR’19.

• Caching, Slice Reservation, Network Control,...

• T. Lykouris, et al., Competitive Caching with ML Advice, J. ACM 68(4), 2021.

• F. Faticanti, et al., Optimistic Online Caching for Batched Requests, Comp. Net.’24.

• J. Monteil, et al, Reservation of Virtualized Resources with OL, ICC’23.
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Optimistic Discrete Caching

Recall: OL for caching

• Obtain request prediction q̃t

• Commit to caching policy x̂t ∈ X̂ .
=

{
[0, 1]N

∣∣∣
∑

n yn ≤ C
}
.

• User request is revealed qt ∈ {0, 1}N ,

• Cache hit ft(xt)
.
= ⟨qt,xt⟩, Prediction error ∥qt − q̃t∥

• Only show this in second slide, ; I am comment

x⋆ = argmax
x∈X

⟨q1:T ,x⟩. (Already Discrete)

(0,0) (1,0)

(0,1) (1,1)

<latexit sha1_base64="AqGu5goT9D2eca9znK0hG3Wzay8=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRqm7grunFZwT6gCWUynbZDJ5MwMxFLyK+4caGIW3/EnX/jpK2gogcGDufcyz1zwoRRqWz7wyitrK6tb5Q3K1vbO7t75n61I+NUYNLGMYtFL0SSMMpJW1HFSC8RBEUhI91welX43TsiJI35rZolJIjQmNMRxUhpaWBW/QlSmR8hNcGIZb08rwzMmm153lnDqUPbOqu7tudo4tQd98KFjmXPUQNLtAbmuz+McRoRrjBDUvYdO1FBhoSimJG84qeSJAhP0Zj0NeUoIjLI5tlzeKyVIRzFQj+u4Fz9vpGhSMpZFOrJIqT87RXiX14/VSMvyChPUkU4XhwapQyqGBZFwCEVBCs20wRhQXVWiCdIIKx0XUUJXz+F/5POqeU0rMbNea15uayjDA7BETgBDnBBE1yDFmgDDO7BA3gCz0ZuPBovxutitGQsdw7ADxhvn6iSlOA=</latexit>

X̂

<latexit sha1_base64="NuiJbM96JMR2pOCiDMl68C0C79Y=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgasjY0tZd0Y3LCvYB7VgyadqGZh4kGaUM8x9uXCji1n9x59+YaSuo6IHA4Zx7uSfHiwRXGuMPK7eyura+kd8sbG3v7O4V9w/aKowlZS0ailB2PaKY4AFraa4F60aSEd8TrONNLzO/c8ek4mFwo2cRc30yDviIU6KNdJv0faInlIikm6aFQbGEbVzHTrWMsF3G2HFqhlTKlXrtHDk2nqMESzQHxff+MKSxzwJNBVGq5+BIuwmRmlPB0kI/ViwidErGrGdoQHym3GSeOkUnRhmiUSjNCzSaq983EuIrNfM9M5mFVL+9TPzL68V6VHcTHkSxZgFdHBrFAukQZRWgIZeMajEzhFDJTVZEJ0QSqk1RWQlfP0X/k/aZ7VTt6nWl1LhY1pGHIziGU3CgBg24gia0gIKEB3iCZ+veerRerNfFaM5a7hzCD1hvn/oDkto=</latexit>X
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Optimistic Discrete Caching

OL for Discrete caching
• Obtain request prediction q̃t

• Commit to caching policy x̂t ∈ X̂ .
=

{
[0, 1]N

∣∣∣
∑

n yn ≤ C
}
.

• Commit to caching policy xt ∈ X .
=
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{0, 1}N
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∑

n yn ≤ C
}
.

• User request is revealed qt ∈ {0, 1}N ,
• Cache hit ft(xt)

.
= ⟨qt,xt⟩, Prediction error ∥qt − q̃t∥

• Only show this in second slide, ; I am comment
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<latexit sha1_base64="AqGu5goT9D2eca9znK0hG3Wzay8=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRqm7grunFZwT6gCWUynbZDJ5MwMxFLyK+4caGIW3/EnX/jpK2gogcGDufcyz1zwoRRqWz7wyitrK6tb5Q3K1vbO7t75n61I+NUYNLGMYtFL0SSMMpJW1HFSC8RBEUhI91welX43TsiJI35rZolJIjQmNMRxUhpaWBW/QlSmR8hNcGIZb08rwzMmm153lnDqUPbOqu7tudo4tQd98KFjmXPUQNLtAbmuz+McRoRrjBDUvYdO1FBhoSimJG84qeSJAhP0Zj0NeUoIjLI5tlzeKyVIRzFQj+u4Fz9vpGhSMpZFOrJIqT87RXiX14/VSMvyChPUkU4XhwapQyqGBZFwCEVBCs20wRhQXVWiCdIIKx0XUUJXz+F/5POqeU0rMbNea15uayjDA7BETgBDnBBE1yDFmgDDO7BA3gCz0ZuPBovxutitGQsdw7ADxhvn6iSlOA=</latexit>

X̂

<latexit sha1_base64="NuiJbM96JMR2pOCiDMl68C0C79Y=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgasjY0tZd0Y3LCvYB7VgyadqGZh4kGaUM8x9uXCji1n9x59+YaSuo6IHA4Zx7uSfHiwRXGuMPK7eyura+kd8sbG3v7O4V9w/aKowlZS0ailB2PaKY4AFraa4F60aSEd8TrONNLzO/c8ek4mFwo2cRc30yDviIU6KNdJv0faInlIikm6aFQbGEbVzHTrWMsF3G2HFqhlTKlXrtHDk2nqMESzQHxff+MKSxzwJNBVGq5+BIuwmRmlPB0kI/ViwidErGrGdoQHym3GSeOkUnRhmiUSjNCzSaq983EuIrNfM9M5mFVL+9TPzL68V6VHcTHkSxZgFdHBrFAukQZRWgIZeMajEzhFDJTVZEJ0QSqk1RWQlfP0X/k/aZ7VTt6nWl1LhY1pGHIziGU3CgBg24gia0gIKEB3iCZ+veerRerNfFaM5a7hzCD1hvn/oDkto=</latexit>X
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Optimistic Discrete Caching

OL for Discrete caching
• Obtain request prediction q̃t

• Commit to caching policy x̂t ∈ X̂ .
=

{
[0, 1]N

∣∣∣
∑

n yn ≤ C
}
.

• Commit to caching policy xt ∈ X .
=

{
{0, 1}N

∣∣∣
∑

n yn ≤ C
}
.

• User request is revealed qt ∈ {0, 1}N ,
• Cache hit ft(xt)

.
= ⟨qt,xt⟩, Prediction error ∥qt − q̃t∥

• Only show this in second slide, ; I am comment

x⋆ = argmax
x∈X

⟨q1:T ,x⟩. (Already Discrete)

(0,0) (1,0)

(0,1) (1,1)

<latexit sha1_base64="AqGu5goT9D2eca9znK0hG3Wzay8=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRqm7grunFZwT6gCWUynbZDJ5MwMxFLyK+4caGIW3/EnX/jpK2gogcGDufcyz1zwoRRqWz7wyitrK6tb5Q3K1vbO7t75n61I+NUYNLGMYtFL0SSMMpJW1HFSC8RBEUhI91welX43TsiJI35rZolJIjQmNMRxUhpaWBW/QlSmR8hNcGIZb08rwzMmm153lnDqUPbOqu7tudo4tQd98KFjmXPUQNLtAbmuz+McRoRrjBDUvYdO1FBhoSimJG84qeSJAhP0Zj0NeUoIjLI5tlzeKyVIRzFQj+u4Fz9vpGhSMpZFOrJIqT87RXiX14/VSMvyChPUkU4XhwapQyqGBZFwCEVBCs20wRhQXVWiCdIIKx0XUUJXz+F/5POqeU0rMbNea15uayjDA7BETgBDnBBE1yDFmgDDO7BA3gCz0ZuPBovxutitGQsdw7ADxhvn6iSlOA=</latexit>

X̂

<latexit sha1_base64="NuiJbM96JMR2pOCiDMl68C0C79Y=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgasjY0tZd0Y3LCvYB7VgyadqGZh4kGaUM8x9uXCji1n9x59+YaSuo6IHA4Zx7uSfHiwRXGuMPK7eyura+kd8sbG3v7O4V9w/aKowlZS0ailB2PaKY4AFraa4F60aSEd8TrONNLzO/c8ek4mFwo2cRc30yDviIU6KNdJv0faInlIikm6aFQbGEbVzHTrWMsF3G2HFqhlTKlXrtHDk2nqMESzQHxff+MKSxzwJNBVGq5+BIuwmRmlPB0kI/ViwidErGrGdoQHym3GSeOkUnRhmiUSjNCzSaq983EuIrNfM9M5mFVL+9TPzL68V6VHcTHkSxZgFdHBrFAukQZRWgIZeMajEzhFDJTVZEJ0QSqk1RWQlfP0X/k/aZ7VTt6nWl1LhY1pGHIziGU3CgBg24gia0gIKEB3iCZ+veerRerNfFaM5a7hzCD1hvn/oDkto=</latexit>X
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OFTPL for Discrete Actions

• Another way to regularize FTL update: Perturbing.

• FTPerturbed L update: xt+1 = argminx∈X ⟨q1:t+ηtγt,x⟩, γt ∼ N (0,1) .

• Discrete solution. Efficient Quantile finding problem.

FTPL Regret Bound

The iterates
xt+1 = argmin

x∈X
⟨q1:t + q̃t+1ηtγt,x⟩

achieve the regret bound:

RT ({xt}Tt=1) ≤ ηTC
√
ln(N/C) +

∑T
t=1

∥qt−q̃t∥2
1

etat
≤ ηT+1

• ηt ∝
√∑t−1

i=1 ∥qi − q̃i∥21, → RT = O(ln(N)
√
C
√∑T

t=1 ∥qt − q̃t∥21)

Cohen et. al. Following the Perturbed Leader for Online Structured Learning, ICML ’15.

N. Mhaisen, A. Sinha, G. Paschos, G. Iosifidis, Optimistic No-regret Algorithms for Discrete Caching,
ACM SIGMETRICS ’22.
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OFTR/PL with Discrete Actions + Capacity Constraints

Maximize ⟨p,x⟩
Subject to x ∈ X , ⟨s,x⟩ ≤ B

}
Knapsack

(Optimistic) Online Learning of (NP-Hard) problems: Two elements

• Approximate benchmark: Rα
T ({xt}T ) = α⟨q1:T ,x

⋆⟩ − ⟨q1:T ,xt⟩, α < 1

• Approximate rounding: E[xt] ≥ αx̂t s.t. Pr[⟨s,xt⟩ ≤ B] = 1.

Disc. to Cont. Reduction

RT ({x̂t}T )︸ ︷︷ ︸
Possibly Optimistic

≤ A → E[Rα
T ({xt}T )] ≤ A

<latexit sha1_base64="MhTaaahpVKmb9eVp+v7TEodLVHo=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi1WXRjcsK9gFtKDfTSTt0MgkzE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJRIQtsk4pHs+aAoZ4K2NdOc9mJJIfQ57frTm9zvPlCpWCTu9SymXghjwQJGQBtpaFcHE9DpIAQ9IcDTXpYN7ZpTd+bAq8QtSA0VaA3tr8EoIklIhSYclOq7Tqy9FKRmhNOsMkgUjYFMYUz7hgoIqfLSefQMnxplhINImic0nqu/N1IIlZqFvpnMM6plLxf/8/qJDq68lIk40VSQxaEg4VhHOO8Bj5ikRPOZIUAkM1kxmYAEok1bFVOCu/zlVdI5r7uNeuPuota8Luooo2N0gs6Qiy5RE92iFmojgh7RM3pFb9aT9WK9Wx+L0ZJV7ByhP7A+fwDyF5R3</latexit>

X̂
<latexit sha1_base64="MY3gKgSAL2HCvT3lTHi02D4xeoc=">AAACBXicdVDJSgNBEO1xN25Rj3poDIKnYSZmvYlePEYwiZAJoabTMU16FrprxDDk4sVf8eJBEa/+gzf/xs4iqOiDph/vVVFVz4+l0Og4H9bc/MLi0vLKamZtfWNzK7u909BRohivs0hG6soHzaUIeR0FSn4VKw6BL3nTH5yN/eYNV1pE4SUOY94O4DoUPcEAjdTJ7nsg4z54fcDU8yPZ1cPAfOntaNTBTjbn2FU371ar1LFLTqFyXDSkUC6WixXq2s4EOTJDrZN997oRSwIeIpOgdct1YmynoFAwyUcZL9E8BjaAa94yNISA63Y6uWJED43Spb1ImRcinajfO1II9Hg7UxkA9vVvbyz+5bUS7FXaqQjjBHnIpoN6iaQY0XEktCsUZyiHhgBTwuxKWR8UMDTBZUwIX5fS/0kjb7slu3RRyJ2czuJYIXvkgBwRl5TJCTknNVInjNyRB/JEnq1769F6sV6npXPWrGeX/ID19gmSvJn0</latexit>

↵x̂t

<latexit sha1_base64="GWveFRo9/jjzb3ZD+rN45V5x8rY=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIroaMLW3dFd24rGAf0Cklk6ZtaOZBckcs4yz8FTcuFHHrb7jzb0wfgooeCDmccy85OV4khQZCPqzM0vLK6lp2PbexubW9k9/da+owVow3WChD1fao5lIEvAECJG9HilPfk7zljS+mfuuGKy3C4BomEe/6dBiIgWAUjNTLH7gjConrhbKvJ765kts07UEvXyA2qRKnXMTELhLiOBVDSsVStXKGHZvMUEAL1Hv5d7cfstjnATBJte44JIJuQhUIJnmac2PNI8rGdMg7hgbU57qbzPKn+NgofTwIlTkB4Jn6fSOhvp6mM5M+hZH+7U3Fv7xODINqNxFBFAMP2PyhQSwxhHhaBu4LxRnIiSGUKWGyYjaiijIwleVMCV8/xf+T5qntlO3yValQO1/UkUWH6AidIAdVUA1dojpqIIbu0AN6Qs/WvfVovViv89GMtdjZRz9gvX0Cs3WXOg==</latexit>

x̂t

(𝟎, 𝟎) (𝟏, 𝟎)

(𝟎, 𝟏) (𝟏, 𝟏)
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OCO with Memory

• Regular OCO: At each t, the learner pays the cost of xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt

<latexit sha1_base64="2FxoZaNW3E5WpGKgjCfMR4PNmGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREpLosunFZwT6gDWEymbRDJ5kwcyOWUPBX3LhQxK3f4c6/cdJmoa0Hhjmccy9z5vgJZwps+9sorayurW+UNytb2zu7e+b+QUeJVBLaJoIL2fOxopzFtA0MOO0lkuLI57Trj29yv/tApWIivodJQt0ID2MWMoJBS555FHpQG/iCB2oS6St7nHpw5plVu27PYC0TpyBVVKDlmV+DQJA0ojEQjpXqO3YCboYlMMLptDJIFU0wGeMh7Wsa44gqN5vFn1qnWgmsUEh9YrBm6u+NDEcqT6cnIwwjtejl4n9eP4Xwys1YnKRAYzJ/KEy5BcLKu7ACJikBPtEEE8l0VouMsMQEdGMVXYKz+OVl0jmvO4164+6i2rwu6iijY3SCashBl6iJblELtRFBGXpGr+jNeDJejHfjYz5aMoqdQ/QHxucPlLiV6A==</latexit>

ft(xt)
<latexit sha1_base64="jtHPzK14iW02Er1eMBjbjmUVxiE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUoiUl0W3bisYB/QhjCZTNqhk0mYmYglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPFzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX+d+954ISSN+pyYxcUI05DSgGCktueZh4Kbq1M5qAy9ivpyE+ksfspl44ppVq25NAReJXZAqKNByza+BH+EkJFxhhqTs21asnBQJRTEjWWWQSBIjPEZD0teUo5BIJ52ekcFjrfgwiIR+XMGp+rsjRaHMN9SVIVIjOe/l4n9eP1HBpZNSHieKcDwbFCQMqgjmmUCfCoIVm2iCsKB6V4hHSCCsdHIVHYI9f/Ii6ZzV7Ua9cXtebV4VcZTBATgCNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx6y0ZBQ9++APjM8fDYyY4A==</latexit>

ft+1(xt+1)

<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

…

…

• OCO with memory (OCO-M): Pays for the past m decisions, xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt
<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

<latexit sha1_base64="q+8M3Pbm7GAjebksOT1RZ05x5Nc=">AAACLHicbVDLSgMxFM34rPVVdekmWIQKWmaKVJfFblxWsA9ohyGTybShmQfJHbEM80Fu/BVBXFjErd9h+lho2wMhh3Pu5d573FhwBaY5NtbWNza3tnM7+d29/YPDwtFxS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13WJ/47ScmFY/CRxjFzA5IP+Q+pwS05BTqvgOlnhsJT40C/aXPmZPCVSW7xMuqtUrNLpxC0SybU+BlYs1JEc3RcArvPS+iScBCoIIo1bXMGOyUSOBUsCzfSxSLCR2SPutqGpKAKTudHpvhc6142I+kfiHgqfq3IyWBmuynKwMCA7XoTcRVXjcB/9ZOeRgnwEI6G+QnAkOEJ8lhj0tGQYw0IVRyvSumAyIJBZ1vXodgLZ68TFqVslUtVx+ui7W7eRw5dIrOUAlZ6AbV0D1qoCai6AW9oU80Nl6ND+PL+J6VrhnznhP0D8bPL3xjqZ0=</latexit>

ft(xt�2, xt�1, xt)
<latexit sha1_base64="i8GqOuV4syhOwmsapSk10NBaa28=">AAACMHicbZBNS8NAEIY39avWr6hHL4tFqKglEakeix70WMF+QBvCZrupSzfZsLsRS8hP8uJP0YuCIl79FW7aHLTtwLIvz8wwM68XMSqVZb0bhYXFpeWV4mppbX1jc8vc3mlJHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9oZXWb79QISkPLxTo4g4ARqE1KcYKY1c89p3E3Vkp5Wex1lfjgL9JY+phid2egxn6Dym2w9ds2xVrXHAWWHnogzyaLjmS6/PcRyQUGGGpOzaVqScBAlFMSNpqRdLEiE8RAPS1TJEAZFOMj44hQea9KHPhX6hgmP6tyNBgcw21JUBUvdyOpfBeblurPwLJ6FhFCsS4skgP2ZQcZi5B/tUEKzYSAuEBdW7QnyPBMJKe1zSJtjTJ8+K1mnVrlVrt2fl+mVuRxHsgX1QATY4B3VwAxqgCTB4Aq/gA3waz8ab8WV8T0oLRt6zC/6F8fMLdgmrFg==</latexit>

ft+1(xt�1, xt, xt+1) …

…

• RT ({xt}Tt=1) ≤
∑T

t=m ft(xt−m, . . . ,xt)− ft(x
⋆, . . . ,x⋆)

• Unlimited memory leads to linear regret.

• OGD/FTRL achieve O(m
√
T ) for 1/m attenuated step size.
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<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt

<latexit sha1_base64="2FxoZaNW3E5WpGKgjCfMR4PNmGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREpLosunFZwT6gDWEymbRDJ5kwcyOWUPBX3LhQxK3f4c6/cdJmoa0Hhjmccy9z5vgJZwps+9sorayurW+UNytb2zu7e+b+QUeJVBLaJoIL2fOxopzFtA0MOO0lkuLI57Trj29yv/tApWIivodJQt0ID2MWMoJBS555FHpQG/iCB2oS6St7nHpw5plVu27PYC0TpyBVVKDlmV+DQJA0ojEQjpXqO3YCboYlMMLptDJIFU0wGeMh7Wsa44gqN5vFn1qnWgmsUEh9YrBm6u+NDEcqT6cnIwwjtejl4n9eP4Xwys1YnKRAYzJ/KEy5BcLKu7ACJikBPtEEE8l0VouMsMQEdGMVXYKz+OVl0jmvO4164+6i2rwu6iijY3SCashBl6iJblELtRFBGXpGr+jNeDJejHfjYz5aMoqdQ/QHxucPlLiV6A==</latexit>

ft(xt)
<latexit sha1_base64="jtHPzK14iW02Er1eMBjbjmUVxiE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUoiUl0W3bisYB/QhjCZTNqhk0mYmYglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPFzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX+d+954ISSN+pyYxcUI05DSgGCktueZh4Kbq1M5qAy9ivpyE+ksfspl44ppVq25NAReJXZAqKNByza+BH+EkJFxhhqTs21asnBQJRTEjWWWQSBIjPEZD0teUo5BIJ52ekcFjrfgwiIR+XMGp+rsjRaHMN9SVIVIjOe/l4n9eP1HBpZNSHieKcDwbFCQMqgjmmUCfCoIVm2iCsKB6V4hHSCCsdHIVHYI9f/Ii6ZzV7Ua9cXtebV4VcZTBATgCNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx6y0ZBQ9++APjM8fDYyY4A==</latexit>

ft+1(xt+1)

<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

…

…

• OCO with memory (OCO-M): Pays for the past m decisions, xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt
<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

<latexit sha1_base64="q+8M3Pbm7GAjebksOT1RZ05x5Nc=">AAACLHicbVDLSgMxFM34rPVVdekmWIQKWmaKVJfFblxWsA9ohyGTybShmQfJHbEM80Fu/BVBXFjErd9h+lho2wMhh3Pu5d573FhwBaY5NtbWNza3tnM7+d29/YPDwtFxS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13WJ/47ScmFY/CRxjFzA5IP+Q+pwS05BTqvgOlnhsJT40C/aXPmZPCVSW7xMuqtUrNLpxC0SybU+BlYs1JEc3RcArvPS+iScBCoIIo1bXMGOyUSOBUsCzfSxSLCR2SPutqGpKAKTudHpvhc6142I+kfiHgqfq3IyWBmuynKwMCA7XoTcRVXjcB/9ZOeRgnwEI6G+QnAkOEJ8lhj0tGQYw0IVRyvSumAyIJBZ1vXodgLZ68TFqVslUtVx+ui7W7eRw5dIrOUAlZ6AbV0D1qoCai6AW9oU80Nl6ND+PL+J6VrhnznhP0D8bPL3xjqZ0=</latexit>

ft(xt�2, xt�1, xt)
<latexit sha1_base64="i8GqOuV4syhOwmsapSk10NBaa28=">AAACMHicbZBNS8NAEIY39avWr6hHL4tFqKglEakeix70WMF+QBvCZrupSzfZsLsRS8hP8uJP0YuCIl79FW7aHLTtwLIvz8wwM68XMSqVZb0bhYXFpeWV4mppbX1jc8vc3mlJHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9oZXWb79QISkPLxTo4g4ARqE1KcYKY1c89p3E3Vkp5Wex1lfjgL9JY+phid2egxn6Dym2w9ds2xVrXHAWWHnogzyaLjmS6/PcRyQUGGGpOzaVqScBAlFMSNpqRdLEiE8RAPS1TJEAZFOMj44hQea9KHPhX6hgmP6tyNBgcw21JUBUvdyOpfBeblurPwLJ6FhFCsS4skgP2ZQcZi5B/tUEKzYSAuEBdW7QnyPBMJKe1zSJtjTJ8+K1mnVrlVrt2fl+mVuRxHsgX1QATY4B3VwAxqgCTB4Aq/gA3waz8ab8WV8T0oLRt6zC/6F8fMLdgmrFg==</latexit>

ft+1(xt�1, xt, xt+1) …

…

• RT ({xt}Tt=1) ≤
∑T

t=m ft(xt−m, . . . ,xt)− ft(x
⋆, . . . ,x⋆)

• Unlimited memory leads to linear regret.

• OGD/FTRL achieve O(m
√
T ) for 1/m attenuated step size.
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<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt

<latexit sha1_base64="2FxoZaNW3E5WpGKgjCfMR4PNmGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREpLosunFZwT6gDWEymbRDJ5kwcyOWUPBX3LhQxK3f4c6/cdJmoa0Hhjmccy9z5vgJZwps+9sorayurW+UNytb2zu7e+b+QUeJVBLaJoIL2fOxopzFtA0MOO0lkuLI57Trj29yv/tApWIivodJQt0ID2MWMoJBS555FHpQG/iCB2oS6St7nHpw5plVu27PYC0TpyBVVKDlmV+DQJA0ojEQjpXqO3YCboYlMMLptDJIFU0wGeMh7Wsa44gqN5vFn1qnWgmsUEh9YrBm6u+NDEcqT6cnIwwjtejl4n9eP4Xwys1YnKRAYzJ/KEy5BcLKu7ACJikBPtEEE8l0VouMsMQEdGMVXYKz+OVl0jmvO4164+6i2rwu6iijY3SCashBl6iJblELtRFBGXpGr+jNeDJejHfjYz5aMoqdQ/QHxucPlLiV6A==</latexit>

ft(xt)
<latexit sha1_base64="jtHPzK14iW02Er1eMBjbjmUVxiE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUoiUl0W3bisYB/QhjCZTNqhk0mYmYglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPFzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX+d+954ISSN+pyYxcUI05DSgGCktueZh4Kbq1M5qAy9ivpyE+ksfspl44ppVq25NAReJXZAqKNByza+BH+EkJFxhhqTs21asnBQJRTEjWWWQSBIjPEZD0teUo5BIJ52ekcFjrfgwiIR+XMGp+rsjRaHMN9SVIVIjOe/l4n9eP1HBpZNSHieKcDwbFCQMqgjmmUCfCoIVm2iCsKB6V4hHSCCsdHIVHYI9f/Ii6ZzV7Ua9cXtebV4VcZTBATgCNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx6y0ZBQ9++APjM8fDYyY4A==</latexit>

ft+1(xt+1)

<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

…

…

• OCO with memory (OCO-M): Pays for the past m decisions, xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt
<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

<latexit sha1_base64="q+8M3Pbm7GAjebksOT1RZ05x5Nc=">AAACLHicbVDLSgMxFM34rPVVdekmWIQKWmaKVJfFblxWsA9ohyGTybShmQfJHbEM80Fu/BVBXFjErd9h+lho2wMhh3Pu5d573FhwBaY5NtbWNza3tnM7+d29/YPDwtFxS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13WJ/47ScmFY/CRxjFzA5IP+Q+pwS05BTqvgOlnhsJT40C/aXPmZPCVSW7xMuqtUrNLpxC0SybU+BlYs1JEc3RcArvPS+iScBCoIIo1bXMGOyUSOBUsCzfSxSLCR2SPutqGpKAKTudHpvhc6142I+kfiHgqfq3IyWBmuynKwMCA7XoTcRVXjcB/9ZOeRgnwEI6G+QnAkOEJ8lhj0tGQYw0IVRyvSumAyIJBZ1vXodgLZ68TFqVslUtVx+ui7W7eRw5dIrOUAlZ6AbV0D1qoCai6AW9oU80Nl6ND+PL+J6VrhnznhP0D8bPL3xjqZ0=</latexit>

ft(xt�2, xt�1, xt)
<latexit sha1_base64="i8GqOuV4syhOwmsapSk10NBaa28=">AAACMHicbZBNS8NAEIY39avWr6hHL4tFqKglEakeix70WMF+QBvCZrupSzfZsLsRS8hP8uJP0YuCIl79FW7aHLTtwLIvz8wwM68XMSqVZb0bhYXFpeWV4mppbX1jc8vc3mlJHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9oZXWb79QISkPLxTo4g4ARqE1KcYKY1c89p3E3Vkp5Wex1lfjgL9JY+phid2egxn6Dym2w9ds2xVrXHAWWHnogzyaLjmS6/PcRyQUGGGpOzaVqScBAlFMSNpqRdLEiE8RAPS1TJEAZFOMj44hQea9KHPhX6hgmP6tyNBgcw21JUBUvdyOpfBeblurPwLJ6FhFCsS4skgP2ZQcZi5B/tUEKzYSAuEBdW7QnyPBMJKe1zSJtjTJ8+K1mnVrlVrt2fl+mVuRxHsgX1QATY4B3VwAxqgCTB4Aq/gA3waz8ab8WV8T0oLRt6zC/6F8fMLdgmrFg==</latexit>
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<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt

<latexit sha1_base64="2FxoZaNW3E5WpGKgjCfMR4PNmGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREpLosunFZwT6gDWEymbRDJ5kwcyOWUPBX3LhQxK3f4c6/cdJmoa0Hhjmccy9z5vgJZwps+9sorayurW+UNytb2zu7e+b+QUeJVBLaJoIL2fOxopzFtA0MOO0lkuLI57Trj29yv/tApWIivodJQt0ID2MWMoJBS555FHpQG/iCB2oS6St7nHpw5plVu27PYC0TpyBVVKDlmV+DQJA0ojEQjpXqO3YCboYlMMLptDJIFU0wGeMh7Wsa44gqN5vFn1qnWgmsUEh9YrBm6u+NDEcqT6cnIwwjtejl4n9eP4Xwys1YnKRAYzJ/KEy5BcLKu7ACJikBPtEEE8l0VouMsMQEdGMVXYKz+OVl0jmvO4164+6i2rwu6iijY3SCashBl6iJblELtRFBGXpGr+jNeDJejHfjYz5aMoqdQ/QHxucPlLiV6A==</latexit>

ft(xt)
<latexit sha1_base64="jtHPzK14iW02Er1eMBjbjmUVxiE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUoiUl0W3bisYB/QhjCZTNqhk0mYmYglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPFzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX+d+954ISSN+pyYxcUI05DSgGCktueZh4Kbq1M5qAy9ivpyE+ksfspl44ppVq25NAReJXZAqKNByza+BH+EkJFxhhqTs21asnBQJRTEjWWWQSBIjPEZD0teUo5BIJ52ekcFjrfgwiIR+XMGp+rsjRaHMN9SVIVIjOe/l4n9eP1HBpZNSHieKcDwbFCQMqgjmmUCfCoIVm2iCsKB6V4hHSCCsdHIVHYI9f/Ii6ZzV7Ua9cXtebV4VcZTBATgCNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx6y0ZBQ9++APjM8fDYyY4A==</latexit>

ft+1(xt+1)

<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

…

…

• OCO with memory (OCO-M): Pays for the past m decisions, xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt
<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

<latexit sha1_base64="q+8M3Pbm7GAjebksOT1RZ05x5Nc=">AAACLHicbVDLSgMxFM34rPVVdekmWIQKWmaKVJfFblxWsA9ohyGTybShmQfJHbEM80Fu/BVBXFjErd9h+lho2wMhh3Pu5d573FhwBaY5NtbWNza3tnM7+d29/YPDwtFxS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13WJ/47ScmFY/CRxjFzA5IP+Q+pwS05BTqvgOlnhsJT40C/aXPmZPCVSW7xMuqtUrNLpxC0SybU+BlYs1JEc3RcArvPS+iScBCoIIo1bXMGOyUSOBUsCzfSxSLCR2SPutqGpKAKTudHpvhc6142I+kfiHgqfq3IyWBmuynKwMCA7XoTcRVXjcB/9ZOeRgnwEI6G+QnAkOEJ8lhj0tGQYw0IVRyvSumAyIJBZ1vXodgLZ68TFqVslUtVx+ui7W7eRw5dIrOUAlZ6AbV0D1qoCai6AW9oU80Nl6ND+PL+J6VrhnznhP0D8bPL3xjqZ0=</latexit>

ft(xt�2, xt�1, xt)
<latexit sha1_base64="i8GqOuV4syhOwmsapSk10NBaa28=">AAACMHicbZBNS8NAEIY39avWr6hHL4tFqKglEakeix70WMF+QBvCZrupSzfZsLsRS8hP8uJP0YuCIl79FW7aHLTtwLIvz8wwM68XMSqVZb0bhYXFpeWV4mppbX1jc8vc3mlJHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9oZXWb79QISkPLxTo4g4ARqE1KcYKY1c89p3E3Vkp5Wex1lfjgL9JY+phid2egxn6Dym2w9ds2xVrXHAWWHnogzyaLjmS6/PcRyQUGGGpOzaVqScBAlFMSNpqRdLEiE8RAPS1TJEAZFOMj44hQea9KHPhX6hgmP6tyNBgcw21JUBUvdyOpfBeblurPwLJ6FhFCsS4skgP2ZQcZi5B/tUEKzYSAuEBdW7QnyPBMJKe1zSJtjTJ8+K1mnVrlVrt2fl+mVuRxHsgX1QATY4B3VwAxqgCTB4Aq/gA3waz8ab8WV8T0oLRt6zC/6F8fMLdgmrFg==</latexit>

ft+1(xt�1, xt, xt+1) …

…

• RT ({xt}Tt=1) ≤
∑T

t=m ft(xt−m, . . . ,xt)− ft(x
⋆, . . . ,x⋆)

• Unlimited memory leads to linear regret.

• OGD/FTRL achieve O(m
√
T ) for 1/m attenuated step size.
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OCO with Memory

• Regular OCO: At each t, the learner pays the cost of xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt

<latexit sha1_base64="2FxoZaNW3E5WpGKgjCfMR4PNmGc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREpLosunFZwT6gDWEymbRDJ5kwcyOWUPBX3LhQxK3f4c6/cdJmoa0Hhjmccy9z5vgJZwps+9sorayurW+UNytb2zu7e+b+QUeJVBLaJoIL2fOxopzFtA0MOO0lkuLI57Trj29yv/tApWIivodJQt0ID2MWMoJBS555FHpQG/iCB2oS6St7nHpw5plVu27PYC0TpyBVVKDlmV+DQJA0ojEQjpXqO3YCboYlMMLptDJIFU0wGeMh7Wsa44gqN5vFn1qnWgmsUEh9YrBm6u+NDEcqT6cnIwwjtejl4n9eP4Xwys1YnKRAYzJ/KEy5BcLKu7ACJikBPtEEE8l0VouMsMQEdGMVXYKz+OVl0jmvO4164+6i2rwu6iijY3SCashBl6iJblELtRFBGXpGr+jNeDJejHfjYz5aMoqdQ/QHxucPlLiV6A==</latexit>

ft(xt)
<latexit sha1_base64="jtHPzK14iW02Er1eMBjbjmUVxiE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUoiUl0W3bisYB/QhjCZTNqhk0mYmYglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPFzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX+d+954ISSN+pyYxcUI05DSgGCktueZh4Kbq1M5qAy9ivpyE+ksfspl44ppVq25NAReJXZAqKNByza+BH+EkJFxhhqTs21asnBQJRTEjWWWQSBIjPEZD0teUo5BIJ52ekcFjrfgwiIR+XMGp+rsjRaHMN9SVIVIjOe/l4n9eP1HBpZNSHieKcDwbFCQMqgjmmUCfCoIVm2iCsKB6V4hHSCCsdHIVHYI9f/Ii6ZzV7Ua9cXtebV4VcZTBATgCNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx6y0ZBQ9++APjM8fDYyY4A==</latexit>

ft+1(xt+1)

<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

…

…

• OCO with memory (OCO-M): Pays for the past m decisions, xt:

<latexit sha1_base64="rn/uvQdvp26kP6yAmFwj/YYLarI=">AAAB+XicbVBPS8MwHE3nvzn/VT16CQ7B02hFpsehF48T3BxspaRpuoWlaUl+HY6yb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekAquwXG+rcra+sbmVnW7trO7t39gHx51dZIpyjo0EYnqBUQzwSXrAAfBeqliJA4EewzGt4X/OGFK80Q+wDRlXkyGkkecEjCSb9uDIBGhnsbmyp9mPvh23Wk4c+BV4pakjkq0fftrECY0i5kEKojWfddJwcuJAk4Fm9UGmWYpoWMyZH1DJYmZ9vJ58hk+M0qIo0SZIwHP1d8bOYl1Ec5MxgRGetkrxP+8fgbRtZdzmWbAJF08FGUCQ4KLGnDIFaMgpoYQqrjJiumIKELBlFUzJbjLX14l3YuG22w07y/rrZuyjio6QafoHLnoCrXQHWqjDqJogp7RK3qzcuvFerc+FqMVq9w5Rn9gff4AZP+ULA==</latexit>xt
<latexit sha1_base64="Ey23Pvr5JUP5jfu+4/uHx7gJmUw=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCIJRdkeqx6MVjBfuAdlmy2bQNzSZLkhXrsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8XXud+6JVFTwOz2JiRehIacDipE2km8f9APBQjWJzJU+ZH6qT93Mt6tOzZkCLhK3IFVQoOnbX/1Q4CQiXGOGlOq5Tqy9FElNMSNZpZ8oEiM8RkPSM5SjiCgvnabP4LFRQjgQ0hyu4VT9vZGiSOUBzWSE9EjNe7n4n9dL9ODSSymPE004nj00SBjUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwZ3/8iJpn9Xceq1+e15tXBV1lMEhOAInwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz8aY5Wo</latexit>xt+1

<latexit sha1_base64="q+8M3Pbm7GAjebksOT1RZ05x5Nc=">AAACLHicbVDLSgMxFM34rPVVdekmWIQKWmaKVJfFblxWsA9ohyGTybShmQfJHbEM80Fu/BVBXFjErd9h+lho2wMhh3Pu5d573FhwBaY5NtbWNza3tnM7+d29/YPDwtFxS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13WJ/47ScmFY/CRxjFzA5IP+Q+pwS05BTqvgOlnhsJT40C/aXPmZPCVSW7xMuqtUrNLpxC0SybU+BlYs1JEc3RcArvPS+iScBCoIIo1bXMGOyUSOBUsCzfSxSLCR2SPutqGpKAKTudHpvhc6142I+kfiHgqfq3IyWBmuynKwMCA7XoTcRVXjcB/9ZOeRgnwEI6G+QnAkOEJ8lhj0tGQYw0IVRyvSumAyIJBZ1vXodgLZ68TFqVslUtVx+ui7W7eRw5dIrOUAlZ6AbV0D1qoCai6AW9oU80Nl6ND+PL+J6VrhnznhP0D8bPL3xjqZ0=</latexit>

ft(xt�2, xt�1, xt)
<latexit sha1_base64="i8GqOuV4syhOwmsapSk10NBaa28=">AAACMHicbZBNS8NAEIY39avWr6hHL4tFqKglEakeix70WMF+QBvCZrupSzfZsLsRS8hP8uJP0YuCIl79FW7aHLTtwLIvz8wwM68XMSqVZb0bhYXFpeWV4mppbX1jc8vc3mlJHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9oZXWb79QISkPLxTo4g4ARqE1KcYKY1c89p3E3Vkp5Wex1lfjgL9JY+phid2egxn6Dym2w9ds2xVrXHAWWHnogzyaLjmS6/PcRyQUGGGpOzaVqScBAlFMSNpqRdLEiE8RAPS1TJEAZFOMj44hQea9KHPhX6hgmP6tyNBgcw21JUBUvdyOpfBeblurPwLJ6FhFCsS4skgP2ZQcZi5B/tUEKzYSAuEBdW7QnyPBMJKe1zSJtjTJ8+K1mnVrlVrt2fl+mVuRxHsgX1QATY4B3VwAxqgCTB4Aq/gA3waz8ab8WV8T0oLRt6zC/6F8fMLdgmrFg==</latexit>

ft+1(xt�1, xt, xt+1) …

…

• RT ({xt}Tt=1) ≤
∑T

t=m ft(xt−m, . . . ,xt)− ft(x
⋆, . . . ,x⋆)

• Unlimited memory leads to linear regret.

• OGD/FTRL achieve O(m
√
T ) for 1/m attenuated step size.
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Non-stochastic Control (NSC) 1/2

NSC Problem: start at some state xt

• Commit to action ut

• Transition to a state xt+1 = Axt +But+ wt

• Incur a cost ct(xt,ut)

<latexit sha1_base64="1yFXDOX8ZX5ul6HxRivL4RZJUVg=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rLoxmUF+4A2hMlk0g6dzISZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cMGVUadf9tiobm1vbO9Xd2t7+weGRfXzSVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn94XfmxKpqOBPepYSP0EjTmOKkTZSYNvDULBIzRJz5dk80IFddxvuAs468UpShxLtwP4aRgJnCeEaM6TUwHNT7edIaooZmdeGmSIpwhM0IgNDOUqI8vNF8rlzYZTIiYU0h2tnof7eyFGiinBmMkF6rFa9QvzPG2Q6vvVzytNME46XD8UZc7RwihqciEqCNZsZgrCkJquDx0girE1ZNVOCt/rlddK9anjNRvPxut66K+uowhmcwyV4cAMteIA2dADDFJ7hFd6s3Hqx3q2P5WjFKndO4Q+szx9gapQp</latexit>ut
<latexit sha1_base64="i7TF9BUwY6eQqbfV3p0ZS1lFGjo=">AAAB/XicbVDNS8MwHE39nPOrfty8BIfgxdGKTI9DLx4nuA/YSknTdAtLk5KkwizFf8WLB0W8+n94878x3XrQzQchj/d+P/LygoRRpR3n21paXlldW69sVDe3tnd27b39jhKpxKSNBROyFyBFGOWkralmpJdIguKAkW4wvin87gORigp+rycJ8WI05DSiGGkj+fbhIBAsVJPYXFma+5k+c3Pfrjl1Zwq4SNyS1ECJlm9/DUKB05hwjRlSqu86ifYyJDXFjOTVQapIgvAYDUnfUI5iorxsmj6HJ0YJYSSkOVzDqfp7I0OxKgKayRjpkZr3CvE/r5/q6MrLKE9STTiePRSlDGoBiypgSCXBmk0MQVhSkxXiEZIIa1NY1ZTgzn95kXTO626j3ri7qDWvyzoq4Agcg1PggkvQBLegBdoAg0fwDF7Bm/VkvVjv1sdsdMkqdw7AH1ifPxjOlac=</latexit>ut�1

<latexit sha1_base64="lmHdc0tALy4UzW1ORrHzl2Dl27k="></latexit>

Axt�1 + But�1 + wt�1
.
= xt

<latexit sha1_base64="9yGzSrEP/Fj4aC/2v4Wkx+Ymfcs=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICURqS6LblxWsA9oQ5hMJ+3QyYOZG7GEfoIbf8WNC0XcunTn3zhps6jVA8MczrmXe+/xYsEVWNa3UVhaXlldK66XNja3tnfM3b2WihJJWZNGIpIdjygmeMiawEGwTiwZCTzB2t7oOvPb90wqHoV3MI6ZE5BByH1OCWjJNY99Fyo9LxJ9NQ70lyYTF07xvPKglRPXLFtVawr8l9g5KaMcDdf86vUjmgQsBCqIUl3bisFJiQROBZuUeoliMaEjMmBdTUMSMOWk04Mm+EgrfexHUr8Q8FSd70hJoLLtdGVAYKgWvUz8z+sm4F86KQ/jBFhIZ4P8RGCIcJYO7nPJKIixJoRKrnfFdEgkoaAzLOkQ7MWT/5LWWdWuVWu35+X6VR5HER2gQ1RBNrpAdXSDGqiJKHpEz+gVvRlPxovxbnzMSgtG3rOPfsH4/AHQX527</latexit>

ft(ut, xt) …

…
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<latexit sha1_base64="i7TF9BUwY6eQqbfV3p0ZS1lFGjo=">AAAB/XicbVDNS8MwHE39nPOrfty8BIfgxdGKTI9DLx4nuA/YSknTdAtLk5KkwizFf8WLB0W8+n94878x3XrQzQchj/d+P/LygoRRpR3n21paXlldW69sVDe3tnd27b39jhKpxKSNBROyFyBFGOWkralmpJdIguKAkW4wvin87gORigp+rycJ8WI05DSiGGkj+fbhIBAsVJPYXFma+5k+c3Pfrjl1Zwq4SNyS1ECJlm9/DUKB05hwjRlSqu86ifYyJDXFjOTVQapIgvAYDUnfUI5iorxsmj6HJ0YJYSSkOVzDqfp7I0OxKgKayRjpkZr3CvE/r5/q6MrLKE9STTiePRSlDGoBiypgSCXBmk0MQVhSkxXiEZIIa1NY1ZTgzn95kXTO626j3ri7qDWvyzoq4Agcg1PggkvQBLegBdoAg0fwDF7Bm/VkvVjv1sdsdMkqdw7AH1ifPxjOlac=</latexit>ut�1

<latexit sha1_base64="lmHdc0tALy4UzW1ORrHzl2Dl27k="></latexit>

Axt�1 + But�1 + wt�1
.
= xt

<latexit sha1_base64="9yGzSrEP/Fj4aC/2v4Wkx+Ymfcs=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICURqS6LblxWsA9oQ5hMJ+3QyYOZG7GEfoIbf8WNC0XcunTn3zhps6jVA8MczrmXe+/xYsEVWNa3UVhaXlldK66XNja3tnfM3b2WihJJWZNGIpIdjygmeMiawEGwTiwZCTzB2t7oOvPb90wqHoV3MI6ZE5BByH1OCWjJNY99Fyo9LxJ9NQ70lyYTF07xvPKglRPXLFtVawr8l9g5KaMcDdf86vUjmgQsBCqIUl3bisFJiQROBZuUeoliMaEjMmBdTUMSMOWk04Mm+EgrfexHUr8Q8FSd70hJoLLtdGVAYKgWvUz8z+sm4F86KQ/jBFhIZ4P8RGCIcJYO7nPJKIixJoRKrnfFdEgkoaAzLOkQ7MWT/5LWWdWuVWu35+X6VR5HER2gQ1RBNrpAdXSDGqiJKHpEz+gVvRlPxovxbnzMSgtG3rOPfsH4/AHQX527</latexit>

ft(ut, xt) …

…

<latexit sha1_base64="HxtQVEfVooYN+2O0kMW+jgustNI=">AAACHHicbZBNS8NAEIY39avWr6hHL4tFqKAlUakei148VrAf0Iaw2W7apZts2N2IJeSHePGvePGgiBcPgv/GTZtDbR1Y9uWZGWbm9SJGpbKsH6OwtLyyulZcL21sbm3vmLt7LcljgUkTc8ZFx0OSMBqSpqKKkU4kCAo8Rtre6CbLtx+IkJSH92ocESdAg5D6FCOlkWue+26iTu200vM468txoL8kTqfwBM7Sx5weu2bZqlqTgIvCzkUZ5NFwza9en+M4IKHCDEnZta1IOQkSimJG0lIvliRCeIQGpKtliAIinWRyXAqPNOlDnwv9QgUndLYjQYHMNtSVAVJDOZ/L4H+5bqz8KyehYRQrEuLpID9mUHGYOQX7VBCs2FgLhAXVu0I8RAJhpf0saRPs+ZMXReusateqtbuLcv06t6MIDsAhqAAbXII6uAUN0AQYPIEX8AbejWfj1fgwPqelBSPv2Qd/wvj+BWgTojU=</latexit>

ft�1(ut�1, xt�1)…

…

Policy Regret: Rpol
T (A)

.
=

[
ct(xt,ut)−min

π∈Π
ct(x

π
t ,u

π
t )

]

• (xt,ut) is the state-action pair under A; (xt(π),ut(π) is under the
benchmark.
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Non-stochastic Control (NSC) 2/2

• Competitor policy class: Disturbance Action Controllers

Π : ut = Kxt +
∑p

j=1 M
[j]
t wt−j

• DAC can approximate all linear state feedback controller. →
• Under the DAC class ft(M) = ct(x(π),x(π)) is convex in M

Algorithm 1: GPC
Input: An intrinsically stable LTI system (A,B), η ≈ 1/g

√
T

Output: {ut}Tt=1
1 for t = 1, 2, . . . , T do

2 Use action ut =
∑p

j=1 M
[j]
t wt−j

3 Observe cost ct(xt,ut) and record the gradient Gt(Mt)
4 Observe new state xt+1

5 Record the disturbance wt = xt+1 −Axt −But

6 Calculate Mt+1 via OGD: Mt+1 = ΠM(Mt + ηGt)

end

• Rpol
T (A) = pol(Gc, δ, κM , κ)

√
T (i.e., converges to the best DAC policy)
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Optimistic NSC (1/3)

• What if Gt(M) = ∇ft(M)
.
= ct(x(M),u(M)) is predictable?

• Recall xt(π) and ut(π) are linear in M

• if ct(·, ·) is also linear, then ft(M) = ct(x(M),u(M)) is separable
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Oracle predicting missing information.

Learner deciding .Mt+1
Missing information at time .t

Delay (# steps since last  is revealed).F ( ⋅ )
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f (2)
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Optimistic NSC: Predictions (2/3)
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t +1:For
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Algorithm 2: OptFTRL-C

Input: System (A,B), parameter d, DAC parameters κM , p.
Output: {ut}Tt=1.
for each time slot t = 1, . . . , T do

1 Use action ut =
∑p

j=1 M
[j]
t wt−j

2 Observe ct(xt,ut) and record the gradient Gt−d

3 Observe new state xt+1 and record wt

4 Update s.c. σt ≈
√∑t−1

i=0 ϵ2i +maxj≤t−d−2 ϵj−d+1:j

5 Receive future predictions {cτ (·, ·)}t+d
τ=t

6 Mt+1 = argminM∈M {⟨G1:t−d +Ht+1,M⟩+ rt(M)}
end

• OptFTRL-C = Delayed OFTRL.

N. Mhaisen, G. Iosifidis, Optimistic online non-stochastic control via FTRL, IEEE CDC, 2024.
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N. Mhaisen, G. Iosifidis, Optimistic online non-stochastic control via FTRL, IEEE CDC, 2024.
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Optimistic NSC: Prediction Oracle (3/3)

• Recall: Optimistic bounds accumulate the prediction errors sublinearly:

T
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Optimistic NSC: Prediction Oracle (3/3)

• Optimistic Statefull bounds: accumulate the (truncated) sum of prediction
errors.
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Recent Advances in the Literature

Robustness and consistency tradeoff:
• Li et. al.”Robustness and consistency in linear quadratic control with untrusted

predictions” SIGMETRICS ’23

• Li et. al. ”Beyond Black-Box Advice: Learning-Augmented Algorithms for MDPs with
Q-Value Predictions” NeurIPS ’24

Related threads:
• Lin et. al. ”Bounded-regret mpc via perturbation analysis: Prediction error, constraints,

and nonlinearity” NeurIPS ’22.

• Rutten et al ”Smoothed Online Optimization with Unreliable Predictions” SIGMETRICS
’23
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More Information:

• F. Aslan, G. Iosifidis, J. Ayala-Romero, A. Garcia-Saavedra, X. Costa-Pérez: Fair Resource
Allocation in Virtualized O-RAN Platforms. ACM Sigmetrics, 2024.

• N. Mhaisen, G. Iosifidis: Optimistic Online Non-stochastic Control via FTRL. IEEE CDC,
2024.

• N. Mhaisen, G. Iosifidis: Adaptive online non-stochastic control. L4DC 2024.

• N. Mhaisen, G. Iosifidis, D. Leith: Online Caching With no Regret: Optimistic Learning via
Recommendations. IEEE Trans. Mob. Comput. 23(5), 2024.

• N. Mhaisen, A. Sinha, G. S. Paschos, G. Iosifidis: Optimistic No-regret Algorithms for
Discrete Caching. ACM Sigmetrics, 2023.

• D. Anderson, G. Iosifidis, D. J. Leith: Lazy Lagrangians for Optimistic Learning With
Budget Constraints. IEEE/ACM Trans. Netw. 31(5), 2023.

• J. Monteil, G. Iosifidis, I. Dusparic: Reservation of Virtualized Resources with Optimistic
Online Learning. IEEE ICC 2023.

• D. Leith, G. Iosifidis: Penalized FTRL with Time-Varying Constraints. ECML/PKDD,
2022.

• N. Mhaisen, G. Iosifidis, D. Leith: Online Caching with Optimistic Learning. IFIP
Networking, 2022.

• V. Valls, G. Iosifidis, D. Leith, L. Tassiulas: Online Convex Optimization with Perturbed

Constraints: Optimal Rates against Stronger Benchmarks. AISTATS 2020.
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