
<latexit sha1_base64="Zz2BzgKoNRq87m3lOaGwhpZHJSU=">AAACLHicbVBJSwMxGM3UrdZt1KMgwVLoxTJTpHosePFYwS7QDkMmTdvQJDMkGaEMc/PXePCiP8WLiFf/glfTdg7dHgRe3vuW5AURo0o7zpeV29re2d3L7xcODo+OT+zTs5YKY4lJE4cslJ0AKcKoIE1NNSOdSBLEA0bawfh+6refiVQ0FE96EhGPo6GgA4qRNpJvX5Z6AU+GqZ/o5DqtpoXFq5v6dtGpODPAdeJmpAgyNHz7r9cPccyJ0JghpbquE2kvQVJTzIgZHysSITxGQ9I1VCBOlJfM/pHCklH6cBBKc4SGM3WxI0FcqQkPTCVHeqRWvam4yevGenDnJVREsSYCzxcNYgZ1CKehwD6VBGs2MQRhSc1bIR4hibA20W3csiQGPC2YpNzVXNZJq1pxa5Xa402xXs4yy4MLcAXKwAW3oA4eQAM0AQYv4BW8gw/rzfq0vq2feWnOynrOwRKs338i+qjU</latexit>gt→1
<latexit sha1_base64="dDSIdSTgNnubGpe9TX3XByzIJ3g=">AAACP3icbVDLSsNAFJ34rPEVdekmWArdWJIi1WXBjcsK9gFtCJPptB06k4SZG6GEfIdf48KNfoNf4E7ciTsnbQX7ODBw7jn3zp05QcyZAsd5NzY2t7Z3dgt75v7B4dGxdXLaUlEiCW2SiEeyE2BFOQtpExhw2oklxSLgtB2Mb3O//UilYlH4AJOYegIPQzZgBIOWfMst9QKRDjM/hfQyq2bmQu3mdT8CZf6pbuZbRafiTGGvEndOimiOhm996ytIImgIhGOluq4Tg5diCYxwmpm9RNEYkzEe0q6mIRZUeen0a5ld0krfHkRSnxDsqfp/IsVCqYkIdKfAMFLLXi6u87oJDG68lIVxAjQks0WDhNsQ2XlOdp9JSoBPNMFEMv1Wm4ywxAR0mmu3LIiByEydlLucyyppVSturVK7vyrWy/PMCugcXaAyctE1qqM71EBNRNATekav6M14MT6MT+Nr1rphzGfO0AKMn1/KZ7AY</latexit>g1

<latexit sha1_base64="g6wV60n5LU1a3++cYRBB+GbhjWQ="></latexit>

xt+1 = !(xt → ω gt)
<latexit sha1_base64="lZj18EG/GNoJHnmTFCJXbZW6H8Y="></latexit>

xt+8 = !(xt → ω gt:t+7)

<latexit sha1_base64="gqHLtbeXB/EmK2qjz3dPZbC6cUo="></latexit>gt <latexit sha1_base64="2aZjVeFJz4HhUlr2F9V2t0e9HgQ=">AAACM3icbVC7TsMwFHXKq5RXgJEloqrUhSqpUGGsxMJYJPqQ2ihyXKe1aieRfYNURfkCvoaBBb4EsSFWZlbcNgN9XMnS8Tn33GsfP+ZMgW1/GIWt7Z3dveJ+6eDw6PjEPD3rqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndzO9+0SlYlH4CNOYugKPQhYwgkFTnlmpDHyRjjIvhfQqq2elpbuTlQbDCJRnlu2aPS9rHTg5KKO8Wp75q30kETQEwrFSfceOwU2xBEY41VMTRWNMJnhE+xqGWFDlpvPvZFZFM0MriKQ+IVhz9r8jxUKpqfB1p8AwVqvajNyk9RMIbt2UhXECNCSLRUHCLYisWTbWkElKgE81wEQy/VaLjLHEBHSCG7cskb7ISjopZzWXddCp15xGrfFwXW5W88yK6AJdoipy0A1qonvUQm1E0DN6QW/o3Xg1Po0v43vRWjByzzlaKuPnDz+tq18=</latexit>. . . <latexit sha1_base64="XtuYrkWEZmtNww9fCcRCUljvX3o="></latexit>gt+7

<latexit sha1_base64="8j+E3HEKMjuUMzhU2v7oVVyJDQQ="></latexit>

xt+9 = !(xt+8 → ω gt+8)

<latexit sha1_base64="wbKuBVDzAC3tEgm6iS11qQLRavM="></latexit>gt+8

<latexit sha1_base64="wvy7zEQi/UOyDYwEOu/sc03Dz84="></latexit>

k-lazyGD:

<latexit sha1_base64="4Fb2b9gmtlyTD0fO6TU2rTTbSyw="></latexit>

Phase 1: anchored at x1
.
= 0

<latexit sha1_base64="pJDUS9eVSAXf+VDYlQm07H8Aa4c="></latexit>

Phase 2: anchored at xt

<latexit sha1_base64="XKYO9rBMXH9oqxN5F63JWhonxGo="></latexit>

Phase 3: anchored at xt+8

Hedging on a set of learning rates and aggregation scales.

<latexit sha1_base64="ma8HVpiiHJJJcNhn1t5bcvxnKcc="></latexit>

RT =
T∑

t=1

(ft(xt)→ ft(ut) + ω↑xt → xt→1↑)
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Partially Lazy Gradient Descent for Smoothed Online Learning

Problem setup 1 GD: Two variants2

Naram Mhaisen and George Iosifidis

<latexit sha1_base64="1BB/yD7SBoQGrVtXPVSLMmseFy0="></latexit>

xt = !(xt→1 → ω gt→1)

<latexit sha1_base64="gqHLtbeXB/EmK2qjz3dPZbC6cUo="></latexit>gt
<latexit sha1_base64="CO/gcvBv7gO/N60QBP95VJRcwqc="></latexit>gt→1

<latexit sha1_base64="g6wV60n5LU1a3++cYRBB+GbhjWQ="></latexit>

xt+1 = !(xt → ω gt)
<latexit sha1_base64="onZi8/OS2ODWb05u48Fxe7oKf20="></latexit>

GD:

<latexit sha1_base64="xXJxeHG0cBUxVFjBwTVuKheMiYI="></latexit>

X <latexit sha1_base64="xXJxeHG0cBUxVFjBwTVuKheMiYI="></latexit>

X

<latexit sha1_base64="xihjQj8GsC0l18ef0XkBMP2lbWU="></latexit>y
0 0

<latexit sha1_base64="lYshSNoHPmztRfDdLKCqq0CYKZM="></latexit>y � gt�1

<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt
<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt

<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt
<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt

<latexit sha1_base64="OA8zgI3cfEkyqmIYrPhyw/81Or4="></latexit>

N 0
X (y)

<latexit sha1_base64="xihjQj8GsC0l18ef0XkBMP2lbWU="></latexit>y <latexit sha1_base64="lYshSNoHPmztRfDdLKCqq0CYKZM="></latexit>y � gt�1

Smoothed Online Convex Optimization : 

   

For 𝑇 slots

<latexit sha1_base64="R7qCMWaZnKnwoVeM09tbZl6xj/Q=">AAACE3icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME84BkCbOTSTJkZneZ6RXDko/w4EU/xZt49QP8Eq9Okj2YR0FDUdVNd1cQS2HQdX+ctfWNza3t3E5+d2//4LBwdFw3UaIZr7FIRroZUMOlCHkNBUrejDWnKpC8EQzvJn7jiWsjovARRzH3Fe2HoicYRSs12oEizx3sFIpuyZ2CLBMvI0XIUO0UftvdiCWKh8gkNabluTH6KdUomOTjfDsxPKZsSPu8ZWlIFTd+Oj13TM6t0iW9SNsKkUzV/xMpVcaMVGA7FcWBWfQm4iqvlWDvxk9FGCfIQzZb1EskwYhMfiddoTlDObKEMi3srYQNqKYMbUIrt8yJgRrnbVLeYi7LpH5Z8sql8sNVsXKbZZaDUziDC/DgGipwD1WoAYMhvMAbvDuvzofz6XzNWtecbOYE5uB8/wHgq57n</latexit>xtExecute

<latexit sha1_base64="flIwWr6eT3XLsXyiRbPnLhOf0AI=">AAACRnicbZDNSgMxFIXv1L9a/6ou3QRLoSKWGRF1KbpxWcGq0ClDJs3UYDIzJHfEMvZVfBoXbnTvS7gTt6btLNR6IfBxzr25yQlTKQy67rtTmpmdm18oL1aWlldW16rrG1cmyTTjbZbIRN+E1HApYt5GgZLfpJpTFUp+Hd6djfzre66NSOJLHKS8q2g/FpFgFK0UVI/rfqjIQ4CVKMBGwTtkl/jSXtKj/mOhkT0yoRz3vKH/GFRrbtMdF5kGr4AaFNUKql9+L2GZ4jEySY3peG6K3ZxqFEzyYcXPDE8pu6N93rEYU8VNNx//cEjqVumRKNH2xEjG6s+JnCpjBiq0nYrirfnrjcT/vE6G0XE3F3GaIY/ZZFGUSYIJGcVFekJzhnJggTIt7FsJu6WaMrSh/rvllxiqYcUm5f3NZRqu9pveYfPw4qB2clpkVoYt2IYGeHAEJ3AOLWgDgyd4hld4c16cD+fT+Zq0lpxiZhN+VQm+ASiEsBk=</latexit>

ft(xt) + ω→xt ↑ xt→1→Incur

   
<latexit sha1_base64="zfCwM47V8t0ArtPd6RI+Xzhxub4="></latexit>

gt 2 @ft(xt)Receive

Can be 0:

<latexit sha1_base64="xXJxeHG0cBUxVFjBwTVuKheMiYI="></latexit>

X <latexit sha1_base64="xXJxeHG0cBUxVFjBwTVuKheMiYI="></latexit>

X

<latexit sha1_base64="xihjQj8GsC0l18ef0XkBMP2lbWU="></latexit>y
0 0

<latexit sha1_base64="lYshSNoHPmztRfDdLKCqq0CYKZM="></latexit>y � gt�1

<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt
<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt

<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt
<latexit sha1_base64="Efkt/oH6X/oiL1gY9WXpFdLmW6c=">AAACHnicdZDNSsNAFIUn9b/+RV26GSwFN5ak1Fh3BTe6U7BaaEuZTKft0JkkzNwIIeQJfAlfwa3u3Ylb3fokTmoEFT0wcPjuvdy5x48E1+A4b1Zpbn5hcWl5pby6tr6xaW9tX+kwVpS1aShC1fGJZoIHrA0cBOtEihHpC3btT0/y+vUNU5qHwSUkEetLMg74iFMCBg3s6kHPl+k4G0C5ahxO8BdI4cDNCjiwK07NazaOG4fYqTkz5aZe9+oedgtSQYXOB/Z7bxjSWLIAqCBad10ngn5KFHAqWFbuxZpFhE7JmHWNDYhkup/Ozslw1ZAhHoXKvADwjH6fSInUOpG+6ZQEJvp3LYd/1boxjJr9lAdRDCygn4tGscAQ4jwbPOSKURCJMYQqbv6K6YQoQsEk+GOLL7OyCeXrcvy/uarXXK/mXTQqrbMinmW0i/bQPnLREWqhU3SO2oiiW3SPHtCjdWc9Wc/Wy2drySpmdtAPWa8f6EOhew==</latexit>�gt

<latexit sha1_base64="OA8zgI3cfEkyqmIYrPhyw/81Or4="></latexit>

N 0
X (y)

<latexit sha1_base64="xihjQj8GsC0l18ef0XkBMP2lbWU="></latexit>y <latexit sha1_base64="lYshSNoHPmztRfDdLKCqq0CYKZM="></latexit>y � gt�1

Can be ∝ 1/ 𝒈!:# : 

Practical insight: Different switching behavior 3
3.a

Proposal: Unified view

Tuning & numerical examples

What is the maximum possible laziness (aggregation) 
while maintaining                                                  ?

Aim: minimize

Both ensure :
<latexit sha1_base64="aRLQF9w2LdRavDrfdaMHAcXKBC8="></latexit>

→xt+1 ↑ xt→ = O(ω)

i.e., can be made sublinear.

Small change in direction

<latexit sha1_base64="T77Wr5mbc9UQIYO7A/P0KRMfFZ8="></latexit>

→!(→ωg1:t)↑!(↑ωg1:t→1)→
<latexit sha1_base64="1BN18sf/EBfVckKE1cReRivT8Q8="></latexit>

LazyGD:
<latexit sha1_base64="MudOISBRiHOz5zv84+iedcRgjts="></latexit>

→!(xt ↑ ωgt)↑!(xt)→

Large change in direction

<latexit sha1_base64="hsP/UjyxOr0KvogvXnQaLNHwvks="></latexit>

GD:

<latexit sha1_base64="dBl5G1ISRafRnw1gbiHeV1+7/uE="></latexit>

When â → b̂, ↑!(a)↓!(b)↑

Preference for laziness (aggregation).  
Obstacle:  

<latexit sha1_base64="AgqeLAWhZksqxJ443AEKSG0DpN4="></latexit>

xt+1 = !(x0 → ωg1:t) ↑ RT = ”(T )

3.b

Fact:

<latexit sha1_base64="hiHT5z19oxEpOvn52D5d2YqgxDw="></latexit>

RT = !
(√

T (PT+1)
)
, PT =

T→1∑

t=1

→ut+1 ↑ ut→

Reason:

<latexit sha1_base64="2lZoZrk/eR5HKOg9qmFbhTr1nLE="></latexit>

RT = O
(√

T (PT+1)
)

<latexit sha1_base64="4t1juzAu5Fru6qIC6JjsA0SGYkk="></latexit>

xt+1 = !
(
xt→nt → ωgt→nt:t︸ ︷︷ ︸

ȳt+1

)
, nt = (t→ 1) mod (k),

In general:

<latexit sha1_base64="m6hXMpTfTJXH9dVoB1N+MqQaXtM="></latexit>

k = 1 → nt = 0, ↑t → ȳt+1 = xt ↓ ωgt (GD)

k = T → nt = t↓1, ↑t → ȳt+1 = g1:t (LazyGD)

4

<latexit sha1_base64="+W1TyTznJeFBn6R/nzWxa0TbUgo="></latexit>

8-lazyGD

For any 𝑘:
<latexit sha1_base64="y44ge6eHUajrcQuDBdF6O5X3ono="></latexit>

RT = !
(
max

(√
T (PT + 1), k PT

))

is possible. 
<latexit sha1_base64="9CLIS2FuJmzrNlikq6Ourk7rFhM="></latexit>

k = !(
√
T/PT )

Setting 
<latexit sha1_base64="iChx5Swvemer5J9kDSmuTr25xbs="></latexit>

k = !(
√

T/PT ) and ω = !(
√

PT /T )

gives RT = O
(√

(PT + 1)T
)
.

<latexit sha1_base64="T9FNx7LEVXYcXlyZV54nMjGFwXo="></latexit>

RT = O
(√

(PT + 1)T
)
.

5
Adversarial mean switching 

+ Stochastic noise

With the lazy switching features:  
<latexit sha1_base64="XO3UY79twwcxdW1iXDRrkIcxtvw="></latexit>

ȳt+1 → N
→
X (xt) ↑ ↓xt+1 ↔ xt↓ = 0

↓ȳt+1↓ ↗ R+
ωGnt

ε
↑ ↓xt+1 ↔ xt↓ = O(Tk log(1 + k

ω ))

(a) (b) (c)(a) (b) (c)

Adversarial switching 
+ Outliers

<latexit sha1_base64="ReP/0X+ayH7wSL38/S+338CE/K4="></latexit>

x(2)
t+1 = !(x(2)

t→
→

T/4
↑ ω(2)g

t→
→

T/4 :t
)

<latexit sha1_base64="5jK/ye2ya6bF3X0FfCGK1DhMkKs="></latexit>

x(1)
t+1 = !(x(1)

t→
→

T/2
↑ ω(1)g

t→
→

T/2 :t
)

<latexit sha1_base64="5e2SGozYWPaabRw2VaT+mCKvtxA="></latexit>

x(N)
t+1 = !(x(N)

t →ω(N)gt)

<latexit sha1_base64="2aZjVeFJz4HhUlr2F9V2t0e9HgQ=">AAACM3icbVC7TsMwFHXKq5RXgJEloqrUhSqpUGGsxMJYJPqQ2ihyXKe1aieRfYNURfkCvoaBBb4EsSFWZlbcNgN9XMnS8Tn33GsfP+ZMgW1/GIWt7Z3dveJ+6eDw6PjEPD3rqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndzO9+0SlYlH4CNOYugKPQhYwgkFTnlmpDHyRjjIvhfQqq2elpbuTlQbDCJRnlu2aPS9rHTg5KKO8Wp75q30kETQEwrFSfceOwU2xBEY41VMTRWNMJnhE+xqGWFDlpvPvZFZFM0MriKQ+IVhz9r8jxUKpqfB1p8AwVqvajNyk9RMIbt2UhXECNCSLRUHCLYisWTbWkElKgE81wEQy/VaLjLHEBHSCG7cskb7ISjopZzWXddCp15xGrfFwXW5W88yK6AJdoipy0A1qonvUQm1E0DN6QW/o3Xg1Po0v43vRWjByzzlaKuPnDz+tq18=</latexit> ..
.

<latexit sha1_base64="E3OiBkzKV9MZwWpyXJMZAAME9dw="></latexit>

x(L)
t+1 = !(x(L)

0 → ω(L)g1:t)

<latexit sha1_base64="dO53QcmardJSiJLioUTZfmjp5eY="></latexit>

x(0)
t+1 = !(x(0)

t→
↑
T
→ ω(0)gt→

↑
T :t)

<latexit sha1_base64="iT1Dwu7Fo9jQrAergOR0qMF0+c8="></latexit>xt+1 =
∑

i

wt+1 x
(i)
t+1

4.a 4.b

<latexit sha1_base64="D+tR46sBwmpmHSVqVxYYGnjgu8c="></latexit>

ȳt+1 → N
→
X (xt) ↑ ↓xt+1 ↔ xt↓ = 0

↓ȳt+1↓ ↗ R+
ωGnt

ε
↑ ↓xt+1 ↔ xt↓ = O( 1k log(1 + k

ω ))

<latexit sha1_base64="h9K+Fn3papjqIcdPdI+WF5T1XPQ="></latexit>

Example: gt = (→1, 0) for t = 1, . . . , 12 (to reach the boundary), then cycles
clockwise through (1, 0) ↑ (0, 1) ↑ (→1, 0) ↑ (0,→1).

When

<latexit sha1_base64="d+C5ZmqJuhZ/JGPYBB5KixlD3To="></latexit>

[T ] = {
[p1]︷ ︸︸ ︷

1, . . . , k,

[p2]︷ ︸︸ ︷
k+1, . . . , 2k,

[p3]︷ ︸︸ ︷
2k+1, . . . , 3k, . . . }. Within each [pi]: xt+1 = !(xpi → ωgpi:t).

,

.

<latexit sha1_base64="wQ2XCIYo3DDYOEyVdS7INhX7O1E="></latexit>

SAder-k: SAder with k-lazyGD base learners:

(more likely when          is an aggregate)
<latexit sha1_base64="MM2PUMaya/2/If2wlEUCjY3r10E="></latexit>

ȳt+1

<latexit sha1_base64="gqHLtbeXB/EmK2qjz3dPZbC6cUo="></latexit>gt
<latexit sha1_base64="Zz2BzgKoNRq87m3lOaGwhpZHJSU=">AAACLHicbVBJSwMxGM3UrdZt1KMgwVLoxTJTpHosePFYwS7QDkMmTdvQJDMkGaEMc/PXePCiP8WLiFf/glfTdg7dHgRe3vuW5AURo0o7zpeV29re2d3L7xcODo+OT+zTs5YKY4lJE4cslJ0AKcKoIE1NNSOdSBLEA0bawfh+6refiVQ0FE96EhGPo6GgA4qRNpJvX5Z6AU+GqZ/o5DqtpoXFq5v6dtGpODPAdeJmpAgyNHz7r9cPccyJ0JghpbquE2kvQVJTzIgZHysSITxGQ9I1VCBOlJfM/pHCklH6cBBKc4SGM3WxI0FcqQkPTCVHeqRWvam4yevGenDnJVREsSYCzxcNYgZ1CKehwD6VBGs2MQRhSc1bIR4hibA20W3csiQGPC2YpNzVXNZJq1pxa5Xa402xXs4yy4MLcAXKwAW3oA4eQAM0AQYv4BW8gw/rzfq0vq2feWnOynrOwRKs338i+qjU</latexit>gt→1<latexit sha1_base64="2aZjVeFJz4HhUlr2F9V2t0e9HgQ=">AAACM3icbVC7TsMwFHXKq5RXgJEloqrUhSqpUGGsxMJYJPqQ2ihyXKe1aieRfYNURfkCvoaBBb4EsSFWZlbcNgN9XMnS8Tn33GsfP+ZMgW1/GIWt7Z3dveJ+6eDw6PjEPD3rqCiRhLZJxCPZ87GinIW0DQw47cWSYuFz2vUndzO9+0SlYlH4CNOYugKPQhYwgkFTnlmpDHyRjjIvhfQqq2elpbuTlQbDCJRnlu2aPS9rHTg5KKO8Wp75q30kETQEwrFSfceOwU2xBEY41VMTRWNMJnhE+xqGWFDlpvPvZFZFM0MriKQ+IVhz9r8jxUKpqfB1p8AwVqvajNyk9RMIbt2UhXECNCSLRUHCLYisWTbWkElKgE81wEQy/VaLjLHEBHSCG7cskb7ISjopZzWXddCp15xGrfFwXW5W88yK6AJdoipy0A1qonvUQm1E0DN6QW/o3Xg1Po0v43vRWjByzzlaKuPnDz+tq18=</latexit>. . .

<latexit sha1_base64="dDSIdSTgNnubGpe9TX3XByzIJ3g=">AAACP3icbVDLSsNAFJ34rPEVdekmWArdWJIi1WXBjcsK9gFtCJPptB06k4SZG6GEfIdf48KNfoNf4E7ciTsnbQX7ODBw7jn3zp05QcyZAsd5NzY2t7Z3dgt75v7B4dGxdXLaUlEiCW2SiEeyE2BFOQtpExhw2oklxSLgtB2Mb3O//UilYlH4AJOYegIPQzZgBIOWfMst9QKRDjM/hfQyq2bmQu3mdT8CZf6pbuZbRafiTGGvEndOimiOhm996ytIImgIhGOluq4Tg5diCYxwmpm9RNEYkzEe0q6mIRZUeen0a5ld0krfHkRSnxDsqfp/IsVCqYkIdKfAMFLLXi6u87oJDG68lIVxAjQks0WDhNsQ2XlOdp9JSoBPNMFEMv1Wm4ywxAR0mmu3LIiByEydlLucyyppVSturVK7vyrWy/PMCugcXaAyctE1qqM71EBNRNATekav6M14MT6MT+Nr1rphzGfO0AKMn1/KZ7AY</latexit>g1

<latexit sha1_base64="OSTOl+8dhBrQGXcfh3b0hiLvC10="></latexit>

LazyGD:

<latexit sha1_base64="YkKibvsrToa+1O/wnDU8avZF0WM=">AAACNXicbVBNS8NAEN3U7/oV9ehlsYgVtSQiKoJQ8OKxglWhCWGz3dalu0nYnYgl5Cf4azx40R/iwZt49ejVbZuDH30w8Hhvhpl5YSK4Bsd5tUoTk1PTM7Nz5fmFxaVle2X1SsepoqxJYxGrm5BoJnjEmsBBsJtEMSJDwa7D3tnAv75jSvM4uoR+wnxJuhHvcErASIG95YUS3wcZ7Lg5PvUavLrnMSDebmaMrJsHmXsCeb4d2BWn5gyB/xO3IBVUoBHYX147pqlkEVBBtG65TgJ+RhRwKlhe9lLNEkJ7pMtahkZEMu1nw4dyvGmUNu7EylQEeKj+nMiI1LovQ9MpCdzqv95AHOe1Uugc+xmPkhRYREeLOqnAEONBOrjNFaMg+oYQqri5FdNboggFk+HYLb/EUOZlk5T7N5f/5Gq/5h7WDi8OKvVqkdksWkcbqIpcdITq6Bw1UBNR9IAe0TN6sZ6sN+vd+hi1lqxiZg39gvX5DWNoq1g=</latexit>

xt+1 = !(→ω g1:t)

<latexit sha1_base64="YTVqGfq5qs/HtI9zyGC3tk++rH8="></latexit>

xt = !(→ω g1:t→1)

<latexit sha1_base64="YTVqGfq5qs/HtI9zyGC3tk++rH8="></latexit>

xt = !(→ω g1:t→1)

<latexit sha1_base64="OYA1JV7dfgiOuV6mJVVWLmnbq1k="></latexit>

k = T → nt = t↑1, ↓t → ȳt+1 = ↑ωg1:t (LazyGD)

<latexit sha1_base64="XO3UY79twwcxdW1iXDRrkIcxtvw="></latexit>

ȳt+1 → N
→
X (xt) ↑ ↓xt+1 ↔ xt↓ = 0

↓ȳt+1↓ ↗ R+
ωGnt

ε
↑ ↓xt+1 ↔ xt↓ = O(Tk log(1 + k

ω ))

<latexit sha1_base64="D+tR46sBwmpmHSVqVxYYGnjgu8c="></latexit>

ȳt+1 → N
→
X (xt) ↑ ↓xt+1 ↔ xt↓ = 0

↓ȳt+1↓ ↗ R+
ωGnt

ε
↑ ↓xt+1 ↔ xt↓ = O( 1k log(1 + k

ω ))


