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Problem setup

GD: Two variants

Smoothed Online Convex Optimization: - <
gi—1 Gt
[ Execute T+ ] — g
For T slots \1, L1 = H(mt — 779t)
[ Incur ft(iBt)I )\Hmt — mt—lu ] GD- Ty = H(ajt_l — ngt_l) Both ensure -
Lir1 — Ltl|| = @
[ Receive gt € Ofi(x¢) ] g ” - H (77)
Ql | gtTl g+ i.e., can be made sublinear.
Aim: minimize Rr = Z(ft(a:t) — fe(uy) + Az — 24—1]|) Tit1 = H(=ng1:)
t=1 T—1
Fact: Rr = (VIPriD), Pr=3" |l —wl LasyGD: @ =T(-ngi1)
t=1

Practical insight: Different switching behavior
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Example: g, = (—1,0) for t = 1,...,12 (to reach the boundary), then cycles
clockwise through (1,0) — (0,1) — (—1,0) — (0, —1).
Reason:
LazyGD: ||II(=ng1:¢) — II(=ng1:t—1)|] GD: |II(zs — ngy) — () ||
Small change in direction

Large change in direction

3.b .
When a ~ b, ||II(a) — 1I(b)]|

Can be 0: Can be « 1/||g1.¢l:
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* Preference for laziness (aggregation).
 Obstacle: i1 = II(wo — ng1:t) = R = T

What is the maximum possible laziness (aggregation)
while maintaining Rt = O(\/T(PT—I—l)) [

Proposal: Unified view

4.3
L1 — H(wt—nt — NGt—mn,:t )7 ny = (t — 1) mod (k)a
N—— —
Yt+1
ck=1= n, =0Vt = Y1 =x —ng: (GD)
ok=T = n; = t—l,\V/t — Yitr1 = —NG1:¢ (LAZYGD)
* In general: [p1] [p2] [p3]

T ={1,...,k, k+1,...,2k, 2k+1,...,3k,...}. Within each [p;]: 141 = (xp, —Ngyp,:t)-
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Phase 1: anchored at £; = 0 Phase 2: anchored at ax; Phase 3: anchored at x;, g
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xir1 = (xr — 1 ge) Tiro = (118 — 1N Giis)
: 8-LAZYGD x; =II(—1g1.4—1) ri1g = (T — 1 Gr:e47)

4.b

 For any k: R =2 (max (\/T(PT -+ 1), ]CPT>>

. k= 0O(+/T/Pr) is possible.

» Setting k = ©(/T/Pr) and n = ©(\/Pr/T)
Rr = O(/(Pr+1)T).

e With the lazy switching features:

Y1 € Ny () = |11 — x| =0

[l > R+ 250 = [|l@ess — @]l = O(3 log(1+ )
o)

(more likely when Y:+1is an aggregate)

Tuning & numerical examples
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