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OptFPRL: FTRL with Controlled State 5

Online Convex Optimization with Hints : 

   Incur 

Execute  
<latexit sha1_base64="1KLNDN1DdMhqDsthBToswx8x/nA="></latexit>

xt = A({f⌧ (·)}t�1
⌧=1, f̃t(·))

   Receive

<latexit sha1_base64="OKXxUisxgBxbPje3O/iXfg4sDbM="></latexit>

ft(xt)

<latexit sha1_base64="bboRDAIpLwUSd63el2rMYuL+FSs="></latexit>

f̃t(x)

<latexit sha1_base64="zfCwM47V8t0ArtPd6RI+Xzhxub4="></latexit>

gt 2 @ft(xt)
<latexit sha1_base64="/WJoIWtRRFZPuqfYoIHCs+T65Ww="></latexit>

g̃t 2 @f̃t(xt)
<latexit sha1_base64="5xW05E85z6UZlWrtkxJzQdNDnlE="></latexit>

RT =
TX

t=1

ft(xt)� ft(ut)

OMD

<latexit sha1_base64="vdF+g5lGPtAkJ5i23WDSS1rsrAs="></latexit>⌘tg1:t<latexit sha1_base64="O91aK3B9YDq/QqJhvgCtxgo++lU="></latexit>xt+1

FTRL

For 𝑇 slots

Insight: Regret Decomposition3

<latexit sha1_base64="Gk3bTFrlGSPi1t5LwDUnCUJxPvU="></latexit>X <latexit sha1_base64="dCJ0ftxTOgnvtepah1Yz9aUFgx4="></latexit>

rr?(�g1:t)

<latexit sha1_base64="WpteqEr4BCEeyZXDPxp0FcpeP4Y="></latexit>

rr?(�p1:t)

<latexit sha1_base64="fu821anEdiGLf8D2iCaJU0tGsGg="></latexit>

kg1:tk

<latexit sha1_base64="yrY840LCW65JSzKYJXD8va8dv+k="></latexit>

kp1:tk

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="rDMhvMtdSGnCwSMKVtuq5xjazR4="></latexit>

rr?(�g1:t0)

<latexit sha1_base64="bK+WoI2TheUKC5EAo/X4leuvACY="></latexit>

rr?(�p1:t0)
<latexit sha1_base64="DZQYvwkzFEgc8pIO8rHc1oWYhAY="></latexit>=xt0+1

<latexit sha1_base64="nayu71qwJzhuEUv7zvKetMBooPA="></latexit>xt+1=xt0+1

<latexit sha1_base64="Vtq/uxHecY0nlNPnhNL6MRAsZxc="></latexit>xt+1

<latexit sha1_base64="QHx293Txff/gDdlddXlQnohwdMc="></latexit>

(�1, 0)

<latexit sha1_base64="Gk3bTFrlGSPi1t5LwDUnCUJxPvU="></latexit>X <latexit sha1_base64="dCJ0ftxTOgnvtepah1Yz9aUFgx4="></latexit>

rr?(�g1:t)

<latexit sha1_base64="WpteqEr4BCEeyZXDPxp0FcpeP4Y="></latexit>

rr?(�p1:t)

<latexit sha1_base64="fu821anEdiGLf8D2iCaJU0tGsGg="></latexit>

kg1:tk

<latexit sha1_base64="yrY840LCW65JSzKYJXD8va8dv+k="></latexit>

kp1:tk

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="rDMhvMtdSGnCwSMKVtuq5xjazR4="></latexit>

rr?(�g1:t0)

<latexit sha1_base64="bK+WoI2TheUKC5EAo/X4leuvACY="></latexit>

rr?(�p1:t0)
<latexit sha1_base64="DZQYvwkzFEgc8pIO8rHc1oWYhAY="></latexit>=xt0+1

<latexit sha1_base64="nayu71qwJzhuEUv7zvKetMBooPA="></latexit>xt+1=xt0+1

<latexit sha1_base64="Vtq/uxHecY0nlNPnhNL6MRAsZxc="></latexit>xt+1

<latexit sha1_base64="QHx293Txff/gDdlddXlQnohwdMc="></latexit>

(�1, 0)

Proposal: Control the Dual State4
<latexit sha1_base64="Gk3bTFrlGSPi1t5LwDUnCUJxPvU="></latexit>X <latexit sha1_base64="dCJ0ftxTOgnvtepah1Yz9aUFgx4="></latexit>

rr?(�g1:t)

<latexit sha1_base64="WpteqEr4BCEeyZXDPxp0FcpeP4Y="></latexit>

rr?(�p1:t)

<latexit sha1_base64="fu821anEdiGLf8D2iCaJU0tGsGg="></latexit>

kg1:tk

<latexit sha1_base64="yrY840LCW65JSzKYJXD8va8dv+k="></latexit>

kp1:tk

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="rDMhvMtdSGnCwSMKVtuq5xjazR4="></latexit>

rr?(�g1:t0)

<latexit sha1_base64="bK+WoI2TheUKC5EAo/X4leuvACY="></latexit>

rr?(�p1:t0)
<latexit sha1_base64="DZQYvwkzFEgc8pIO8rHc1oWYhAY="></latexit>=xt0+1

<latexit sha1_base64="nayu71qwJzhuEUv7zvKetMBooPA="></latexit>xt+1=xt0+1

<latexit sha1_base64="Vtq/uxHecY0nlNPnhNL6MRAsZxc="></latexit>xt+1

<latexit sha1_base64="QHx293Txff/gDdlddXlQnohwdMc="></latexit>

(�1, 0)

<latexit sha1_base64="Gk3bTFrlGSPi1t5LwDUnCUJxPvU="></latexit>X
<latexit sha1_base64="bdwn3ERoNHDXx6WsN59D7sU8cXQ="></latexit>

NX

New dual state: 
<latexit sha1_base64="XtrPV06U4a4QYEHZpoJkHYA0ydc="></latexit>

pt = gt + nt Pick <latexit sha1_base64="7CcpvmnjubN2jPZH1t950FkgtZY="></latexit>nt such that: 

<latexit sha1_base64="6pNEW6TfxzOQg/0ovuvRVBeLoXk="></latexit>

RT . Rstatic
T +

T�1X

t=1

kut+1 � utk kdual statek?

<latexit sha1_base64="OyYc2q1TNiURJpeG7/bz1WnqVnQ="></latexit>

PT =
T�1X

t=1

kut+1 � utk
<latexit sha1_base64="uCMPSCjkF94g9msWN0aohkVHCJ4="></latexit>

RT = ⌦
⇣p

TPT

⌘
Fact:

Problem Setup 1 Main Frameworks2

<latexit sha1_base64="q+Mse1vaZ/tVeTx8FY3szTR99kM="></latexit>

Rt = O

⇣p
ETPT

⌘
Aim:

Large dual-state obscures the switch.

<latexit sha1_base64="6t2yizxwaD0b1bzPdf4gDXBJOCw="></latexit>

t < t0, g⌧ = (�1, 0) for ⌧  t, and g⌧ = (1, 0) for ⌧ > t.

OptFPRL Regret6

E.g.:
<latexit sha1_base64="/QKpvTpixsfmIjpGGcctiLJy65w="></latexit>

p1:t = gt �rr(xt) (recovers OMD’s state)Next state:

Dual space

<latexit sha1_base64="Gk3bTFrlGSPi1t5LwDUnCUJxPvU="></latexit>X <latexit sha1_base64="dCJ0ftxTOgnvtepah1Yz9aUFgx4="></latexit>

rr?(�g1:t)

<latexit sha1_base64="WpteqEr4BCEeyZXDPxp0FcpeP4Y="></latexit>

rr?(�p1:t)

<latexit sha1_base64="fu821anEdiGLf8D2iCaJU0tGsGg="></latexit>

kg1:tk

<latexit sha1_base64="yrY840LCW65JSzKYJXD8va8dv+k="></latexit>

kp1:tk

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="rDMhvMtdSGnCwSMKVtuq5xjazR4="></latexit>

rr?(�g1:t0)

<latexit sha1_base64="bK+WoI2TheUKC5EAo/X4leuvACY="></latexit>

rr?(�p1:t0)
<latexit sha1_base64="DZQYvwkzFEgc8pIO8rHc1oWYhAY="></latexit>=xt0+1

<latexit sha1_base64="nayu71qwJzhuEUv7zvKetMBooPA="></latexit>xt+1=xt0+1

<latexit sha1_base64="Vtq/uxHecY0nlNPnhNL6MRAsZxc="></latexit>xt+1

<latexit sha1_base64="QHx293Txff/gDdlddXlQnohwdMc="></latexit>

(�1, 0)
<latexit sha1_base64="Gk3bTFrlGSPi1t5LwDUnCUJxPvU="></latexit>X <latexit sha1_base64="dCJ0ftxTOgnvtepah1Yz9aUFgx4="></latexit>

rr?(�g1:t)

<latexit sha1_base64="WpteqEr4BCEeyZXDPxp0FcpeP4Y="></latexit>

rr?(�p1:t)

<latexit sha1_base64="fu821anEdiGLf8D2iCaJU0tGsGg="></latexit>

kg1:tk

<latexit sha1_base64="yrY840LCW65JSzKYJXD8va8dv+k="></latexit>

kp1:tk

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="uvW5bxGOcajExb/MEfXnhzAdgZI="></latexit>

t

<latexit sha1_base64="rDMhvMtdSGnCwSMKVtuq5xjazR4="></latexit>

rr?(�g1:t0)

<latexit sha1_base64="bK+WoI2TheUKC5EAo/X4leuvACY="></latexit>

rr?(�p1:t0)
<latexit sha1_base64="DZQYvwkzFEgc8pIO8rHc1oWYhAY="></latexit>=xt0+1

<latexit sha1_base64="nayu71qwJzhuEUv7zvKetMBooPA="></latexit>xt+1=xt0+1

<latexit sha1_base64="Vtq/uxHecY0nlNPnhNL6MRAsZxc="></latexit>xt+1

<latexit sha1_base64="QHx293Txff/gDdlddXlQnohwdMc="></latexit>

(�1, 0)

<latexit sha1_base64="/T58R6KN8tZ8Kr0wezz28OI8Fxk="></latexit>

HT =
T�1X

t=1

kut+1 � utk ✏t

<latexit sha1_base64="cqoPSJDQqlOBWPtSYzKZ5sC+4IQ="></latexit>

T�1X

t=1

kut+1 � utk kdual statek? = O(
p

ET PT +HT )

A bounded dual state induces reactive iterates.

<latexit sha1_base64="TllHmZ2is29NnQuNH5lcwZkjDyg="></latexit>

ET =
TX

t=1

✏2t , ✏t = kgt � g̃tk?

(w/o. ensemble)

<latexit sha1_base64="W9O0ABBrctI/CsTyc1n8MlpZcfI="></latexit>

RT = O

⇣
(PT + 1)

p
ET + 1

⌘

Even with constant path (𝑃! = 1) the regret is linear 
<latexit sha1_base64="HVmH2SNFFVYHy20KqZtKFl0MMT8="></latexit>

RT = ⌦(T )
Why? and how to address this?

<latexit sha1_base64="xw5rC3osDAclaUwvmV/X7bmvl6A="></latexit>

xt = argmin
x2X

hg1:t�1,xi+ r(x) ) nt = �g1:t�1 �rr(xt)

.

<latexit sha1_base64="LspcHkoGtf8czmgKtg4zCdJt3ts="></latexit>

r ?
V

(w/o. ensemble)

<latexit sha1_base64="+bKaCz2ZjCwo9YByuBmT/A89EAY="></latexit>

X .
= {x 2 R16| kxk  2}, ft(x) = hct,xi.

• Sc. 1: c1!1000 = �1, c2000!2500 = �5, c3500!3750 = �10, otherwise ct = 1.

• Sc. 2: ct alternates between 1 and �1 every 50 steps; c̃t = ct � ct
0.1t .

Sc. 1 Sc. 2

(with ensemble)

<latexit sha1_base64="FSQwXh0GOKoMzOygc2nBL5sw6ms="></latexit>

RT = O

⇣p
(PT + 1)(ET + PT )

⌘

<latexit sha1_base64="ckZGjOlYftBU8L4ReZNQomjeRWc="></latexit>

RT  (3.7R+ PT )
p

ET +HT = O

⇣
(1 + PT )

p
ET

⌘
.


